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Introduction

Branching particle systems constitute a vigorous area of contemporary theory of stochas-
tic processes. From the theoretical point of view, this kind of models is relevant because
of the rich mathematical structure associated to their qualitative behavior, and of their
connection with other areas of mathematics, such as partial differential equations and
analysis. Also, but not less important, branching particle system are very useful in
applications in fields like biology, genetics, statistical physics, ecology, epidemics, etc.
In this thesis we study a branching system of particles living in d-dimensional Eu-
clidean space R?, which can be described roughly as follows. Individuals or particles are
subject to random motions, random lifetimes and random branching. More precisely,
we study a critical binary branching population in which each particle, during a random
lifetime 7, performs a spherically symmetric a-stable process in RY, o € (0,2]. At the
end of the particle’s lifetime either it branches into two new particles with probability
1/2, and in this case the new particles appear at the position where their progenitor died,
or the particle disappears with probability 1/2. We assume that 7 has a distribution
function belonging to the domain of attraction of a ~-stable law, with v € (0,1). More
specifically, we assume hat 7 is a non-arithmetic random variable and possesses a distri-
bution function F such that supp(F) C [0,00), F(0) =0, F(z) < 1 for all x € [0, 00),

and

1—F(u)~u/T(1-7v) as u— oo (1)

for some v € (0,1), where I'(-) denotes the gamma function. Also, we assume that

\%



vi INTRODUCTION

the population starts off from a Poisson random field on R? with intensity measure A,
A being the Lebesgue measure on R%. Finally, we suppose all the standard indepen-
dence assumptions in branching systems. We write X;(A) = X (¢, A) for the number
of individuals living in the Borel set A C R? at time ¢t > 0. Notice that the process
X = {X;,t > 0} takes values in the space of locally finite counting measures on R%. A
similar model, but with a more general branching mechanism, has been studied by Kaj
and Sagitov (1998), Vatutin and Wakolbinger (1999) and Fleischmann et. al. (2002).

Before we go into the details of the kind of results obtained in this work, we give a
brief discussion of some, by now classical results, in the case of exponentially distributed
lifetimes.

Consider the branching model described above but with exponentially distributed
lifetimes, i.e., F(t) =1 —e, ¢t > 0, for some constant ¢ > 0. Throughout this work such
model will be referred to as critical binary branching system. An important consequence
of the assumption of exponentially distributed lifetimes is that the measure-valued pro-
cess {X;,t > 0} enjoys the Markov property. The model we shall study in this thesis,
having non-exponential lifetimes, will be called critical binary age-dependent branching
system and, in general, the process { X, ¢ > 0} is not Markovian. Kaj and Sagitov (1998)
and Fleischmann et. al. (2002) recover the Markov property of their models by enlarging
the phase-space of the population, attaching to each particle its residual life time.

Dawson (1977) and Dawson and Ivanoff (1978) investigated the asymptotic behavior
(extinction vs. persistence) of the critical binary branching system. They proved that
this process becomes extinct if d < «, namely, X, — 0 in probability as t — oo,
where — denotes convergence in the vague topology. On the other hand, if d > «,
X, % X in distribution as t — 00, where X, is an equilibrium state with EX,, = A
(this is called persistence), see Gorostiza and Wakolbinger (1991). Gorostiza (1983)
studied the so-called high density fluctuation limit of this branching system (under a
more general branching mechanism). The multi-type version of this model was studied by

Lépez-Mimbela (1992). Vatutin and Wakolbinger (1999) investigated the persistence vs.



vii
extinction dichotomy of an age-dependent critical branching system, where the offspring

number ¢ of any individual has probability generating function given by
®(s) :=Es® =s+c(1 — )17, (2)

with |s|] < 1, § € (0,1] and ¢ € (0 Notice that the choice § = 1 and ¢ = 1/2

)
gives the critical binary branching case. This branching law will be referred as (1 + (3)-
branching. Vatutin and Wakolbinger (1999) have shown the following: (a) Assume that
T is a non-arithmetic random variable such that E7 < oo, and that the initial population
is Poisson distributed with intensity measure A. Then the population is persistent for
d > o/, and goes to local extinction when d < «/f3. Hence, if ET < oo, the critical
dimension for persistence is the same as for the branching system with exponentially
distributed lifetimes. (b) If 7 has heavy tail as in (], then the critical dimension is d =
ay/ 3, meaning that the population is persistent for d > a~y/ and goes to local extinction
for d < ary/3. Later on, Fleischmann et. al. (2002) proved that persistence also holds at
the critical dimension. By Markovianizing the model through the residual lifetime of each
particle, Kaj and Sagitov (1998) have shown that the age-dependent branching particle
system admits a diffusion-type approximation, i.e., a limit procedure similar to the one
used to obtain the so-called Dawson-Watanabe superprocess. Moreover, Fleischmann et.
al. (2002) investigated scaling properties of the diffusion limit and absolutely continuity
properties of its states.

From the above paragraph one learns that, contrary to the case of finite-mean life-
times, the dimension for persistence in presence of heavy-tailed life times changes accord-
ing to the decay exponent of the tail. In the case of finite variance branching, this reveals
that there is a kind of competition (or compensation) between longevity of individuals
and the transience/recurrence property of the motion process. Heavy-tailed lifetimes
enhance the mobility of individuals, favoring the spreading out of the the particles and
thus counteracting the tendency to local extinction, see Vatutin and Wakolbinger (1999)

and Fleischmann et. al. (2002). Hence, it would be interesting to investigate further
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properties of this model, which could display more differences with respect to the expo-
nentially distributed lifetimes case, or even with the case of lifetimes with finite mean.
Besides, there is no genuine reason to assume exponentially distributed lifetimes in our
model, and in applications it is more realistic to assume a more general non-exponential
lifetime distribution.

The occupation time process of a branching system is another object that has been
extensively studied in the context of exponentially distributed lifetimes (see Cox and
Griffeath (1985), Méléard and Roelly (1992), Bojdecki et. al. (2006a), Bojdecki et.
al. (2006b)). See also Bojdecki et. al. (2007b) for the case of (1 4+ ()-branching. Is-
coe (1986a) and Fleischmann and Gértner (1986) investigated the occupation time of
Dawson-Watanabe superprocesses, i.e., measure-valued processes which are diffusion lim-
its of branching particle systems with exponential lifetimes.

The occupation time process of a cadlag measure-valued process Y = {Y;, t > 0}, is
again a measure-valued process J = {J;,t > 0} which is defined by

W) = [ vas, 120
0
for all bounded measurable function ¢ : R? — Ry, where (¢, u) = [+du with p a
measure on R?. Cox and Griffeath (1985) and Méléard and Roelly (1992) proved a
strong law of large numbers for the occupation time of a critical binary branching system.

Namely, as t — o0,
le, Jt> (E; W, A>
for all positive continuous function ) with compact support. Moreover, Cox and Griffeath

(1985) proved the following central limit-type theorem for the occupation time of the

critical binary branching Brownian motion: As ¢ — oo,

<Jt7 ]-A> - <]-A7 A>t
by

=MN(0,0?), A€ B(R?),

where b, is a function that depends on the spatial dimension d, and o2 is a positive

constant that also may vary with the dimension. The dimension dependence of the
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normalizing function b; is a typical characteristic in this theory because the behavior
of the branching system is highly related to the transience/recurrence behavior of the
motion process.

Bojdecki et. al. (2006a) and Bojdecki et. al. (2006b) have investigated the limit
fluctuations of the rescaled occupation time process of this branching system. They have
shown that in case of “low dimensions”, o < d < 2, these limits are processes which
exhibit long-range dependence behavior, such as fractional Brownian motion and sub-
fractional Brownian motion. See also Birkner and Zahle (2007) for related results, where
the underlying process is a branching random walk in the d-dimensional lattice. See
Bojdecki et. al. (2007b) for the case of (1 + 3)-branching with 8 < 1, where some long-
range dependence self-similar non Gaussian process appear in the case of intermediate
dimensions /3 < d < a(1 + ()/5. Talarczyk (2007) studied a functional ergodic result
at the critical dimension, d = «/f, in the case of (14 [3)-branching. See Milos (2007) for
a general critical finite variance branching law in a population starting off either from
a standard Poisson random field or from the equilibrium distribution for intermediate
dimensions (a < d < 2a).

Iscoe (1986a) proved a central limit-type theorem for the occupation time of the
Dawson-Watanabe superprocess; see also Fleischmann and Gértner (1986) for more re-
sults in this direction.

Our aim in this thesis is to perform a step forward, by investigating some of the
above-mentioned limit results and properties in the case of critical binary-branching
age-dependent particle system. In what follows we give an outline of this work, as well
as an (informal) description of the obtained results.

We start in Chapter 1 with a brief review of background results that we need to
develop this work. Proofs are omitted, but we provide references where they can be
found.

Chapter 2 contains the precise definition of the model studied in this work. Also,

some moments calculations which we shall use in the subsequent chapters are given there.
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In Chapter 3 we investigate the so-called high density and space-time scaling limits
of our age-dependent branching system. The high density limit consist in increasing the
initial intensity by a factor K which will tend to infinity, see Martin-Lof (1976) for the
physical motivation of this rescaling. We are interested in the fluctuations process, i.e,
we center the process around its mean measure and normalize it by K'/2; this entails
to change the state-space of X and the underlying notion of convergence. We show
that the fluctuations process converges to an S'(R%)-valued centered Gaussian process
whose covariance functional is calculated explicitly, where S’(R?) denotes the strong
dual of the space S(RY) of rapidly decreasing functions, see Section 1.2 in Chapter 1.
Also we prove several properties of the limit process, namely, Markov property, almost
sure continuity of paths in the norm ||-||_, (which is a norm on a subspace of S'(R?)
which renders a stronger topology than that of S'(RY)) for some p > 1, and the form
of the spectral measure. These results are valid for a general non-arithmetic lifetime
distribution. When the lifetime distribution possesses a continuous density, we also
show that the limit process satisfies a generalized Langevin equation. These results
were known only in the case of exponentially distributed lifetimes; see Gorostiza (1983)
for the general mono-type branching case, and Lépez-Mimbela (1992) for systems with
multi-type branching.

For the space-time scaling limit we assume that the lifetime distribution has a tail
of the form . The coordinates in space and time are respectively Kx and K“t, again
K being a parameter which will tend to infinity. As in the high density limit, we are
interested in the asymptotic normalized fluctuations of the process. In this case we need
to assume that d > a7, i.e., we require supercritical dimension for persistence. The
normalizing constant for the fluctuation process is K7, with K — oo. (Recall that,
for exponentially distributed lifetimes, the normalizing function is K%®; see Gorostiza
(1983)). The limit process is again an S’(R%)-valued centered Gaussian process, it is a
Markov process and possesses a version which is continuous in the norm ||-||_, for some

p > 1. Also, it satisfies a generalized Langevin equation. Heavy-tailed lifetimes play a
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key role in the space-time scaling because the power « of the tail decay figures explicitly
in the limit theorems, the effect being similar to the one that it has in the diffusion limit
approximation of Kaj and Sagitov (1998); see equation (5.1) there.

It is well known that, in order to prove weak convergence of a sequence {P,}°,
of probability measures in the Skorokhod space, it is sufficient to show weak conver-
gence of the finite-dimensional marginals, and tightness (or relative compactness) of
{P,}. In our proof of the fluctuation limit theorems mentioned above, convergence of
finite-dimensional distributions is achieved by the usual method, showing convergence of
characteristic functionals and using the Minlos-Sasonov theorem. The proof of tightness
can not be carried out as in the classical case of exponentially distributed life times
because, as we mentioned above, {X;, ¢t > 0} is not a Markov process, and many of the
steps in the proof of tightness are based on this property. To overcome this difficulty, we
consider the Markov process {X; x X;, t > 0}, where {X;, t > 0} is a Markovianization
of the branching system {X;, ¢ > 0} obtained by enlarging the phase-state, including
the “elapsed time” or “age” of each individual (see Appendix A for a more detailed
discussion, and see Kaj and Sagitov (1998) and Fleischmann et. al. (2002) for a related
procedure based on the residual lifetime of each particle).

Chapter 4 is devoted to prove laws of large numbers for the occupation time process.
We prove that in supercritical dimensions, namely d > a< for lifetime distributions
satisfying , and d > « for finite-mean lifetimes, the occupation time of the critical
binary age-dependent branching system satisfies a strong law of large numbers. This
result is similar to that obtained by Cox and Griffeath (1985) and Méléard and Roelly
(1992) in case of exponentially distributed lifetimes.

In case of heavy-tailed lifetimes the proof of the strong law of large numbers is
carried out into two steps. In the first step we consider the case of “low” dimensions
ay < d < 2a, and in the second step we deal with “large” dimensions d > 2a. In the
case of low dimensions we consider a general non-arithmetic lifetime distribution with

tail of the form (). We use the covariance functional of the non-Markovian branching
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system described in Chapter 2, and certain subtle techniques from Bojdecki et. al.
(2006a) and Bojdecki et. al. (2006b), which we adapted to our non-Markovian scenario.
We were unable to extend this method to all dimensions because of the lack of proper
upper-bounds for the variance functional of the re-scaled occupation time.

To deal with the case of large dimensions, we use the Markovianized branching system
introduced in Appendix A. This allows us to use directly the well-known self-similarity
of a-stable transition densities, as was done in Méléard and Roelly (1992). Here we
must say that, in order to use this procedure, it is necessary to assume that the lifetime
distribution possesses a continuous density function. This contrasts with the case of low
dimensions, where no absolute continuity condition is required. We think, however, that
the result should be true for general lifetime distributions.

In the case of a general non-arithmetic lifetime distribution having finite mean, we
show that the strong law of large numbers holds for all d > a. Notice that this conclusion
extends the known result of Cox and Griffeath (1985) and Méléard and Roelly (1992) in
the case of exponentially distributed lifetimes. The proof is carried out using estimates
of the variance functional of the occupation time process, as well as bounds of a-stable
distributions.

Up to now, we have investigated fluctuation limit theorems for our branching model
under various re-scalings, and strong laws of large numbers of the occupation time process
for a wide class of lifetime distributions. Our next goal is to go further by investigating
fluctuations of the occupation time process. In Chapter 5, we present some work in
progress regarding the occupation time fluctuation process and some comments for future
work.

Occupation time fluctuations of branching systems have been extensively investigated
in recent years by T. Bojdecki, L.G. Gorostiza and A. Talarczyc, in the case of exponen-
tially distributed lifetimes. As we mentioned earlier, these authors obtained fluctuation
limits which are Gaussian processes exhibiting long-range dependence behavior, such as

fractional Brownian motion or sub-fractional Brownian motion. See Bojdecki et. al.
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(2007b) where other non Gaussian long-range dependence processes appear.

For our model, we have shown that the covariance function of the re-scaled occupa-
tion time process converges in dimensions ary < d < 2« to a covariance function C(7)
depending on . Moreover, C'(1) (which corresponds to lifetimes with finite mean) is
proportional to the covariance function of the sub-fractional Brownian motion. This in-
sinuates that, regardless of the exponential -or otherwise- distribution lifetime, as soon as
ET < 00, the occupation time fluctuations should have a distribution of the type of sub-
fractional Brownian motion, or of one of its relatives. Although convergence of covariance
functions does not imply any kind of convergence of the underlying processes, this sug-
gests a further research to show that, at least, weak convergence of finite-dimensional
distributions holds. Such a result would extend Theorem 2.2 of Bojdecki et. al. (2006a)
to any lifetime distribution with finite mean. In case of heavy-tailed lifetimes, the form
of the limiting covariance function suggests the existence of a new Gaussian process with

long-range dependence behavior.
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Chapter 1

Preliminaries

1.1 The space M,(RY)

For a more detailed discussion on the following topic see Ethier and Kurtz (1986) and
Kallenberg (1983).

Let R? be the d-dimensional Euclidean space and | - | the usual norm on it. Let
C(R?) be the space of continuous real-valued functions ¢ : R? — R. C.(R?) denotes
the subspace of continuous functions with compact support, and let C.(R%), denote the
subset of non-negative elements of C.(RY). Let Cy(R?) be the set of elements of C'(R?)

vanishing at infinity.For each p > 0 we define the reference function
dp(r) = (1 +|2[*) P, » € R

We denote by M,(R?) the space of non-negative Radon measures p on R, such that
[ ¢pdp < 00, and endow M, (R?) with the p-vague topology, i.e., the minimal topology
under which the maps y —— [ ¢dp are continuous for ¢ € K,(R?),, where K,(R?); =
Ce(RY)1 U {¢y}.

./\/lp(]Rd) is a complete, separable metric space, and the finite atomic measures are
dense in it. We denote by A, (RY) C M,(R?) the subspace of counting measures. The

Lebesgue measure on R? belongs to M,(R?) for p > d/2. D(R,, M,(R%)) denotes
1
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the space of functions from R, to M,(R?) which are right continuous left limited.
D(R,, M,(R?%)) equipped with the Skorokhod topology is a complete, separable met-
ric space (Ethier and Kurtz (1986)).

Existence of versions of processes in D(R,, M,(R?)) can not be deduced directly
from usual results, because M, (R?) with the p-vague topology is not locally compact.
However, M,(R%) can be seen as a subset of the locally compact space M, (R?), which
is defined in the following paragraph.

A complete discussion on the following can be found in Iscoe (1986a), Dawson and
Gorostiza (1990) and references there in.

Let = be an isolated point and define R? = R% U {Z}. Now, for each p > 0 define gﬁp

on R? as follows,

bo(z) = op(z) if z € RY,

1 ifx==.

The space Mp(Rd) is the set of non-negative Radon measures p on R? such that,

/%mw+m5n<w

equipped with the p-vague topology, which is defined analogously as in M,(R?), where

the functions ¢ are in

KX (RY) = CX(RY) U {d,},

where C°(R?) denotes the space of infinitely differentiable functions ¢ : R? — R with
compact support. Let C,(RY) be the space of real-valued continuous functions on R?

such that

|6lp := sup |¢(z)/dp(2)] < oo,

zeRd

and
Cpo(RY) := {¢ € C(RY) : ¢/, € Co(R) }

Then C,(R?) and C,(R?) are Banach spaces with respect to the norm | - |,. Let C,,(R?)
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be the space of real-valued continuous functions ¢ on R? such that ¢(Z) = ¢ € R, and

Jim [of|(x)| = c.

Note that K,(R%) C C,(R?) and K,(R?) C C,(R%).
Finally, we introduce the following notation, if x is a measure and ¢ a pu-integrable

function

(0= [ odn

1.2 Schwartz spaces

Let S(R?) be the space of rapidly decreasing functions, i.e. functions ¢ : R? — R such
that ¢ is infinitely differentiable, and for all p =0,1,2,-- -,

1/2

o, = Z/Rd(l—l—|x|2)P|Dk¢(x)|2dx < 00, (1.1)

1k|=0
where © = (21, ,2q), k = (ki,--- , ka), |k| = k1 +-- -+ kg and D¥ = 9I* /9zk1 ... 9gha.
It can be shown that S(R?) C C,(R?).

The space S(R?) endowed with the topology induced by the system of Hilbert’s norms
{II-l,,» > 0} is a metric space which is separable, complete and nuclear. Let S,(R?) be
completion of S(R?) with respect to the norm ||-[| . Then S,,(R?) C S,(R?) for n < m,
S(R?) = Np>0S,(R?), and for each p > 0, S,(R?) is a Hilbert space. In particular,
So(R?) = L*(R?). Let us denote by S/(R?) and S'(R?) the strong dual space of S,(R?)
and S(RY), respectively. S’(R?) is nuclear and is called the Schwartz’s space of tempered
distributions on R?.

For each p=0,1,2,---, S;(Rd) is a Hilbert space with norm

IEN_, = HSHililKF, ¢), FeS,RY), ¢ SR, (1.2)
where (-, -) denotes the canonic bilinear form in S"(R?) x S(R?) and S (R?) x S,(R?). We
denote by D(R,, S’(R%)) the space of functions from R, to S’(R¢) which are continuous
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from the right with limits from the left, endowed with the Skorokhod topology (see

Mitoma (1983b)).
For more details on this topic see Gelfand and Vilenkin (1966) and Treves (1967).

1.3 The spherically symmetric a-stable process

Let B = {B;,t > 0} be the spherically symmetric stable process in R? with index
a € (0,2]. Then B is a homogeneous strong Markov process with transition functions
{p¢,t > 0} given by
pi(@) = pi(, +a)
1

- G /Rdexp(—ia:-y—t\ma)dy, £50, 2R, (1.3)

where z - y denotes the scalar product on R?. The case o = 2 corresponds to Brownian
motion in R? with variance parameter 2.

In what follows some of the constants used can change from line to line; we will
indicate the place of definition of constants by subscripts.

Let {S;,t > 0} be the semigroup of operators on L?(R?) associated to the process B,

i.e. for each t > 0,
(Sip)(@) = Elp(By)|Bo = 7]
= /dpf‘(fc —y)e(y)dy, z€R?, pe L*RY).
R

For any v € L?(R%) and K > 1 we denote by ¢X the map z — ¢(x/K), » € R% Tt
can be seen from (1.3) that the self-similarity property

Sﬂ/JK - (St/KaWK (1'4)

holds for all ¢ > 0 and K > 1. By self-similarity and unimodality of stable densities we

also have

pi(z) < ct’d/“, t>0, ze€RY (1.5)
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where ¢(rg) is a positive constant. Also, the bound
pi(x) < ct|x|_d_o‘, t>0, zeR% (1.6)

holds for some positive constant c(g), see Fleischmann and Gértner (1986). The in-
finitesimal generator of {S;,t > 0} is denoted by A, and is given by A, = —(—=A)%/2,
where A in the Laplacian operator defined on C>(R?) (see Sato (1999), Chapter 6); it
is known that S(R?) C Dom(A,). When a = 2, Ay = A and {S;,t > 0} are linear
operators from S(R?) into itself. This is not the case when o < 2, and in this case it is

better to work with the space C),(R%), p > 0.

Theorem 1.3.1 (Dawson and Gorostiza (1990)) For o < 2 and d/2 < p < (d+ «)/2

the following inclusions holds
S(RY c C,o(RY) c L*(R?) C C]’J?O(]Rd) c S'(RY),

S(R?) is continuously and densely embedded in C,o(R?). For any t > 0, S; is a con-
tinuous linear operator from S(R?) into C,o(R?). Moreover A, transforms continuously

S(R?) into Cpp(RY).

1.4 Gaussian processes

In this Section we introduce the notion of Gaussian process with values in S'(RY).
Through this section all random elements will be defined on a complete probability
space (2, F,P). We recall some results regarding S’(R¢)-valued Gaussian processes.

Proofs and references can be found in Ferndndez (1986). If F is a topological space,

B(E) denotes the Borel o-field in E.

Definition 1.4.1 Let X be a random variable with values in S'(RY). The functional

A

Fx(¢) =E[¢"*YN], ¢ € S(RY),
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is called the characteristic functional of X. We say that X is Gaussian if its character-
wstic functional is given by

A

(o) = exp (in6) - 3K(0.0) ) 0 € S,

where p(¢) is a continuous linear functional on S(R?) and K (¢, 1) is a positive definite
bilinear form on S(RY)x S(R?). The functionals i and K are called mean and covariance

functional of X, respectively.

Theorem 1.4.2 (It6 (1984)) Let X be an S'(R?)-valued random variable. Then Fx

satisfies the following properties:

1. Fx is positive definite, i.e., for alln € N, ar € C and ¢; € S(R?Y), k,j =
1727' N,

> ajaFx(¢; — k) > 0.

J,k=1

2. Fx(0) =1.

A

3. Fx(¢) is continuous at ¢ = 0.

Theorem 1.4.3 (Bochner-Minlos, Ito (1984)) A complex-valued function F(QS), o €
S(R%), is the characteristic functional of an S'(R%)-valued random variable provided F(¢)

satisfies all the three conditions in the preceding theorem.

The correspondence X —— Fy is injective, i.e., if Fy = ﬁ’y, then X =Y a.s., see It

(1984).

Definition 1.4.4 A stochastic process {Y;,t > 0} with values in S’(R?), is a collection
of random wvariables Y; from (Q,F,P) into (S'(R?),B(S'(RY))). A stochastic process
{Y;,t > 0} with values on S'(RY) is called Gaussian if all its finite dimensional distri-
butions are Gaussian, i.e., if for everyn € N, all ty,--- ,t, € [0,00) and ¢, , P, €

S(R%), the random vector
(<¢17 Y21>7 T <¢n7 thn>)
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has a Gaussian distribution on R™.

Theorem 1.4.5 (Martin-Lif (1976)) Let Y := {Y;,t > 0} be a centered S'(R?)-valued
Gaussian process. Then'Y is a Markov process if for any fixred t > 0 the following holds:
for all ty <t and p € S(R?), there exists p € S(R?) such that

E(p, Yo) (¢, Vi) = (b, Vi) (¥, Ys), s <to <, (1.7)
for all s <ty and 1 € S(RY).

Let {Ti,t > 0} be a strongly continuous semigroup of continuous linear operators
from S(R?) into S(R?). A linear operator A : S(R?) — S(R?) is called infinitesimal
generator of {T},t > 0} if

Typ — ) = /0 T, Avpds = / ATgabds, t >0, ¢ € S(RY).

0

Theorem 1.4.6 LetY := {Y;,t > 0} be a centered S'(R%)-valued Gaussian process such
that, for allt >0,

Cou({p, Ys), (¥, V1)) = Coul(p, Ye), (Ti-s¥), Ys)), s <1,

where {Ty,t > 0} is a strongly continuous semigroup of linear operators on S(RY) with

infinitesimal generator A. Then, for all ¢ € S(R?),

woi - [ (A, Yi)ds, 130,

is a square-integrable martingale with respect to the filtration F; = o{{¢,Y,),r < t, ¢ €
S(RY}, t > 0.

For a proof of this theorem see Fernandez (1986).

Remark 1.4.7 In our case, {T;,t > 0} will be the stable semigroup and A = A,,
a € (0,2]. For o <2, see Theorem[1.3.1]
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Let F, be the set of all positive locally bounded functions on [0, 00).

Theorem 1.4.8 (Mitoma (1983a)) There exists p > 1 such that Y is almost surely

continuous in the norm ||-||_, if and only if there exists g € F. such that
V
sup r(9) < 00,
TeR g<T)
where

Vr(¢) :=E sup (¢, V)%

0<t<T

1.5 Generalized Wiener Process and Langevin Equa-
tion

Let A : S(RY) — S(R?) be a continuous linear operator, and let Y := {Y;,t > 0} be
a Gaussian process with values in S’(R?). Following Bojdecki and Gorostiza (1986), in
this section we introduce the concept of generalized Wiener process and give conditions

under which Y satisfies a generalized Langevin equation of the form
dY; = A*Y,dt + dW;, (1.8)

where A* is the adjoint operator of A (Treves (1967)), and W is Wiener process with
values in S’(R?).

Definition 1.5.1 A centered Gaussian process {W;,t > 0} with values in S'(RY) is

called generalized Wiener process if it has continuous paths and its covariance functional

K(s,p;t,0) :== E[{p, W) (0, Wy)] s, > 0,¢,9 € S(RY),

has the form
Kisgitw) = [ 0.Quo)du,

where the operators @, : S(R?) — S'(R?) have the following properties:
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1. For each u >0, Q, is linear, continuous, symmetric and positive.

2. For each p,v € S(R?), the function u — (1, Q@) is continuous from the right

and have limits from the left.

We say that the generalized Wiener process is associated to the family of operators

Definition 1.5.2 We say that Y satisfies (in the mild sense) the generalized Langevin
equation (1.8) if for each ¢ € S(RY),

0= w70+ | (A6, Yi)ds + (6. W3), 13 0. (1.9

Theorem 1.5.3 (Bojdecki and Gorostiza (1986)) Assume that the following conditions

are true:

1. Y = {Y;,t > 0} is a continuous centered Gaussian process with values in S'(R?)

and covariance functional
K(s,3t,9) = Cov((p,Ys), (¥, Y1), 5,620, ¢,¢ € S(RY).
2. For each p € S(RY), the function s — K (s, p;s,p) is continuously differentiable.

3. A is a continuous operator from S(R?) into itself, and generates a strongly contin-

uous semi-group of operators {S;,t > 0} on S(R?).
4. For any 0 < s <t and o, € S(R?), K satisfies

K(s,0;t,0) = K(s,0;5,Ss1).

Then Y 1is a Markov process, and there exists a generalized Wiener process W such that
Y is solution of @ The Wiener process W is associated to the family of operators
Q = {Qu,u > 0} defined by

d
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1.6 Spectral measure

Definition 1.6.1 A random variable Y with values in S'(R?) is called homogeneous,
stationary or translation invariant, if for all @, 0, € S(RY), n = 1,2,--+, and

h € R?
(1, V) {om YD) 2 ({01 (- + h), YY), {oa(- + 1), Y)),

where £ means equality in distribution.

Theorem 1.6.2 Let Y be a homogeneous S'(RY)-valued random wvariable. Then, its

covariance functional can be written in the form

Cov((p. ), 0 Y)) = [ p)itolda)
Rd
where ¢ is the Fourier transform of p, i.e.,
b = [ etz
R4

where x -y is the inner product in R%, and o is a non-negative Radon measure which is

called spectral measure.

1.7 Facts from renewal theory

Let F be a distribution function on R,. The renewal function U associated to F is

defined by

Ut) = F™(t),
n=0
where F*0 = 1 and F*" denotes the nth power convolution of F, n = 1,2,.... The

renewal function U satisfies the following renewal equation

U(t) = 1+/t U(t — s)dF(s), t> 0.
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Remark 1.7.1 If for A\ >0, 1 —F(t) =e* t>0. Then, U(t) =1+ M, t > 0.

Lemma 1.7.2 Assume that F' has a continuous density f. Then, the renewal function

U possesses a continuous density w, which satisfies

u(t) = f(¢) +/0 u(t — s)f(s)ds.
Proof: See Feller (1968) p. 367.

Theorem 1.7.3 (Elementary Renewal Theorem) Assume that F is distribution function

on the non-negative real line with mean 0 < pu < oo. Then,

Proof: See Karlin and Taylor (1975) p. 188, or Feller (1968).

Definition 1.7.4 A slowly varying function is a positive measurable function [, defined

on a neighborhood [A, 00) of infinity, such that l(cx) ~ I(x), i.e.,

— 1, v — 00, forall ¢>0.

Theorem 1.7.5 Let | be a slowly varying function. Then,

1(t)
L= F() ~ org =y

for some 0 < v <1 ast— oo if, and only if

utt) ~ IOT(1+7)

ast — oo.

Proof: See Bingham et. al. (1987) p. 361.
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1.8 Weak convergence

In this section we give a result from Gorostiza and Ferndndez (1991) which will be used
to prove weak convergence of fluctuation processes in the Skorokhod space.

Let E and F' be Fréchet nuclear spaces, or strict inductive limits of a sequence of
Fréchet nuclear spaces, and let £’ and F’ be their strong dual, respectively, (see e.g.
Treves (1967) for for definitions of these concepts). Let us denote by D(R., E’) the
space of functions from R, to £’ which are right-continuous with left limits. We endow
D(R,, E’) with the Skorokhod topology, see Treves (1967), Gelfand and Vilenkin (1966),
Mitoma (1981), Mitoma (1983a). The subset of continuous elements of D(Ry, E’) is
denoted by C(R, E’). Convergence in the Sokorokhod topology is denoted by =, and

—>; means convergence in the sense of finite-dimensional distributions.

Theorem 1.8.1 (Gorostiza and Ferndndez (1991)) Let {X}',t > 0},>1 be a sequence
of processes with paths in D(R,, E'), and let X° be a process with paths in C(R,, E’).
Assume that

(a) For each ¢ € E there exists 1, € E such that for every n > 0 the process
t

MP6) = (0,X7) = [ (o X2)ds, ¢ 20
0
1s a martingale.
(b)) X" =; X° as n — oo.

(c) For each T > 0 and ¢ € E there exists n > 0 such that

T
sup/ E[{(¢, X™)|'"T"ds < oo.
0

n>1

(d) For each t >0 and ¢ € E the sequence { M["(¢)}n>1 is uniformly integrable.
Then X" = X° asn — oo in D(R,, E').

Remark 1.8.2 [t can be proved that conditions (c) and (d) of the above theorem are
satisfied if for each T > 0 and ¢ € F,

sup sup E(¢, X")? < oo.
n>1 0<t<T
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Let M := {M;,t > 0} be a stochastic process with paths on D ([0,00), E' x F”).
Then, M can be seen as follows: M = (M*', M?), with M' := {M},t > 0} and M? :=
{M?,t > 0} taking values in D ([0, 00), E’) and D ([0, 00), F"), respectively.

Define T : D ([0,00), E' x F') — D ([0,00), E') as follows. Given z := {(a',2?%) =
(zt(t),2%(t)),t > 0} € D ([0,00), E' x F'), let

Tz = 2.

Then T is a continuous transformation. An application of the continuous mapping the-

orem gives the following.

Lemma 1.8.3 Let {M,,n=0,1,2,---} be a sequence of stochastic processes on

D ([0,00), E' x F') and assume that M,, => My, as n — oco. Then,

TM, = TMy = My, as n — o. (1.11)

1.9 List of notations

B(E): the Borel o-field of a topological space E.

A: Lebesgue measure on RY.

—>: denotes weak convergence in the Skorokhood space.

=—>: means convergence in the sense of finite-dimensional distributions.
0,: Dirac measure at z.

Dom(A,): domain of A, on C,(R?).

Dom(A): domain of the operator A.

a.s.: almost sure.

o{X;,t € I}: o-field generated by the random variables X;, ¢t € L.

F.: the set of all positive locally bounded functions on [0, c0).

S(R%): space of rapidly decreasing functions.

S'(R%): strong dual of S(R?).
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{By,t > 0}: spherically symmetric a-stable process.

(¢, ): denotes [ ¢dv, where ¢ is a measurable function and p is a measure.



Chapter 2

The Model

We consider a population of individuals or particles living in R?. Any given particle lives
a random amount of time 7 during which it migrates following a spherically symmetric
a-stable motion, and, at the end of its life, it branches leaving behind a random number ¢
of descendants, all appearing at the parent’s death position, and evolving independently
under the same rules. We assume that the population starts off from a Poisson population
of new particles, with intensity measure A, where A denotes the Lebesgue measure on
R

We assume the classical binary splitting, that is, the probability generating function
of ( is given by

1 1

P(s) = 5+ 552, s€[-1,1]. (2.1)

Moreover, we suppose that the lifetime 7 has a distribution function F such that supp(F') C
[0,00), F'(0) =0, F(z) <1 for all z € [0,00), and

1—Fu)~u/I'(1—7) as u— o0 (2.2)

for some v € (0, 1), where I'(-) denotes the gamma function. Notice that implies
that F' belongs to the domain of attraction of a y-stable law.
We put
U(s)=P(1—s)—1+s, se[-1,1], (2.3)
15
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and write B = {B;,t > 0} for the d-dimensional a-stable process. The a-stable tran-
sition densities, and the corresponding semigroups of linear operators, are designated,
respectively, {pi(x,y), t >0, z,y € R?} and {S;, t > 0}.

Recall that, we write X;(A) = X (¢, A) for the number of individuals living in the
Borel set A € R? at time ¢ > 0; and we notice that the process X = {X;,¢ > 0} takes
values in the space of locally finite counting measures on R

Let Z;(A) be the number of individuals in A € B(R?) at time ¢ > 0, in a population

starting at time ¢t = 0 with a single individual. Given z € R? and t > 0, we define
Que(z) :=E, [1— e_@’Zt)} , (2.4)

where E, means that the initial particle is located at € R?, and for the moment, let
us suppose that ¢ € C.(R?),. Note that Q;p = 0, if ¢ = 0. Hence, since the initial

population is Poissonian, we have that
Ee (e X — exp (— /Ea; [1 - e_<‘P’Zt>] dx)

— exp (— / Qtap(x)dx), (2.5)

where E[-] denotes expectation starting with a Poisson random field as described above.

Let {7x,k > 1} be a sequence of i.i.d. random variables with common distribution

F, and define {Si, k > 0} recursively by
Skt1 =Sk + 7%, >0, Sp=0.
Define the counting process { N, t > 0} by
N, = i is,<t, t>0.
k=1

Notice that N, gives the generation number at time ¢t > 0.
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2.1 Some moment calculations

Our aim in this section is to calculate the first- and second-order moments of the critical
binary branching age-dependent branching particle system. These moments are used

latter to prove laws of large numbers and functional central limit theorems for our model.

The following two lemmas [2.1.1 and [2.1.2] are borrowed from Kaj and Sagitov (1998).

Lemma gives an integral equation for the function defined in ([2.4)).

Lemma 2.1.1 The function Qwp solves the equation
t
Qupta) =B, |1 = [0 (@B av.
0

Given p = 1,2,---, 0 < 1, < tp1 < -+t < 00, 01,02, ¢ € S(Rd) and

b1,---,0, € R we define t = (t1,t2, -+ ,t,), t —s = (t1 — s,to — 5,- -+ , 1, — 5), Op) =
(61,---,6,) and

Qge(l’) ('73) =E,|1—e" Z?:ﬁj(%ltj)] .

Lemma 2.1.2 The function Q%0 satisfies

p D h
Q) (z) = E, ll—e_zf—le’%(Btﬂ')—/o V(@70 (Bs))dN;

p—1 t;
— Z <1 —e Z§:i+1 ej@j(Btj)> / Q(Qise(l)(Bs))st] .
i=1 tit1

Using that the initial population is Poissonian we obtain, as in (2.4)), that

E [e—Zﬁ’:l 91<s0j7th>} — exp (_ /Em [1 D Dy 9j<<Path>] d:v)

= exp (—/QfQ(p)(x)dfC) (2.6)
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Given s,t > 0, ¢, € C.(R%), and z € RY, we define

m(t,p) = Eil(p, Z1)], (2.7)
Co(s,5t,0) = By [(p, Zs) (¥, Z4)] (2.8)
m(t, o) = Elp, Xy),
Cls,p5t,1) = Cov({p,Xs), (¥, X))

Lemma 2.1.3 For each t > 0 and ¢ € S(RY),

m(t,p) = (¢, A).

Proof: First, we note that from ({2.6)), with p = 1,

0
m(t7 90) = (aeEea«o Xe) ) ‘920

= / %Qte(xﬂezodl‘

= /mx(t p)dx

8 t
55@0(@) =Eq {w(BﬁeW(B“— /0 V' (Qu—0(B,)) dN,| ,

where Q;0(x)|s=0 = 0 and, by criticality, ¥/(0) = 0. Hence,

From Lemma [2.1.7] we see that

ma(t, p) = (Sip) ().

Therefore,
mit. o) = [ (Sip) @)dn = (. ),

where the last equality follows from the fact that A is an invariant measure for the

a-stable semi-group.

Lemma 2.1.4 Assume that 0 < s <t < oo and ¥, € S(RY). Then,

Ca:(37 @i t, W =E, |:90(BS)1/)(Bt) + /OS mp, (t - ¢)mBr (3 - QD)dNT : (29)
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Proof: In order to preserve the notation in Lemma [2.1.2| with p = 2, we define t; = ¢,

to = s, 1 = ¢ and @9 = . Now, we observe that

82
Cx(tlagpl;t27§02> Q 62 ( ) ) (210)
90,00, <N,
where
aelaeﬂt o)1) = Eu[~p1(By)pa(By)e ) tuealths)

t2 ” 0 0
- /0 v (Qg_ﬁ@)(Br))—Q,?_r(?(z)(Br)—th_ﬁ@)(Br)dNr
b2 / 2 a
- [ Q0 (B) g @ (BN,
to . a
—SOQ(Btz)G_M(BtZ)/ v (Qgg—rel(Br))%QL}g—rel(Br)dNr
1

t1

Hence, from ({2.10) evaluating at 6; = 62 = 0 and using that ¥’/(0) = 0 and ¥”(0) = 1
we finish the proof.

Proposition 2.1.5 Suppose that 0 < s <t < oo, and that ¢, o € S(R?). Then,
Cls. it ) = (¢St )+ [ ((Seg) (Sw) MUY, (21)
0
where U(r) = >y F**(r).

Proof: We put p =2 in (2.6) and, as in Lemma [2.1.4) we define t; = ¢, to = s, 1 =
and po = . Then

82
E [<Q017Xt1><9027Xt2>] = mexp (_ /Q%@(Q)(l’)dx)

01=05=0"

Hence,

0? 9
Ellon Xo)(pa X)) = |~ [ @oata)is

/891/Qt dx/ael/Qt }

01=02=0%
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Therefore, we have obtain that

E [(p1, X1,) (02, X1,)] :/Cz(t17901;t27902)d37+/mx(th<P1)d56/mx(t27902)d5€7
and from Lemma [2.1.4] we get
Cs.eit0) = | B, [wBs)w(Bm | ma b= rvyma (s = so)dN,} dr.  (212)
R4 0

Remark 2.1.6 Assume that the life times are exponentially distributed with parameter

A > 0. Then, from Remark we know that dU (t) = Adt. Hence, simplifies to

Os, 01, 18) = (@Siuth, A) + A /0 (Suer) (Sivit) , A,

which is the covariance functional of the branching system with exponential lifetimes.



Chapter 3

Fluctuation limits

In this Chapter we study fluctuation limit theorems under two different rescalings of the
critical binary branching particle system defined in Chapter 2 . Namely, high density
and space-time rescaling. The high density rescaling consists in increasing the number
of particles by multiplying the initial intensity by a factor K, with K — oo. The work
of Martin-Lof (1976) deals with high density limit of a Poissonian system of independent
Markovian particles without branching, a physical meaning of this rescaling is also found
there. The space-time scaling consists in changing the space-time coordinates (z,t) by
Kx and K“t, respectively. These changes are made in order to exploit the self-similarity
of the a-stable process. See Gorostiza (1983) for the case of exponentially distributed

lifetimes and Lépez-Mimbela (1992) for the multi-type case with exponential lifetimes.

In both cases, high density and space-time rescaling, we obtain a strong law of large
numbers, and a functional central limit theorem for the fluctuations (around the mean);
the latter rendering a generalized (S’(RY)-valued) limit processes. Also, we investigate

continuity, Markov property and generalized Langevin equations for the limit processes.

In order to prove weak convergence to the fluctuation limits in the Skorokhod space,
we need to show weak convergence of the finite-dimensional distributions and tightness

of the approximating fluctuation processes. Convergence of finite-dimensional distribu-

21
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tions is shown using Bochner-Minlos Theorem (by means of convergence of characteristic
functions). The proof of tightness in our setting is more difficult than in the classi-
cal case of exponentially distributed life times; this is so because {X;,t > 0} is not a
Markov process, and many of the known results to prove tightness use this property, as
well as some martingale properties. We overcome this problem by enlarging the state
space in order to get a Markov process, and of course, to obtain martingale properties
that would allow us to apply Theorem [I.8.1] To do this, we will conceive the process
X as a process imbedded into a bigger space. More precisely, we consider a process
X = {Xt = X; x X;,t > 0}, where the process X is a Markov process taking values in
D([0,0), M,(RY) x M, (R, x R?)), for definition of M, (R, x R?) see Fleischmann et.
al. (2002).

Section 1 is devoted to the study of the high density limit theorem and Section 2 is

concerned with the space-time scaling.

3.1 High density limit theorem

In this Section we study the so-called high density limit for the process X described
in the last chapter. Let us denote by {Xt(K),t > 0} the branching system with initial
intensity KA. Define {Mt(K),t >0} by

XY — K, A)

K <()07
(e, Mt( )> = K1/2 ’

for each ¢t > 0 and ¢ € S(R?). Our purpose is to study the asymptotic behavior of M ()
as K — oo. In fact, we shall prove that M) = M in the Skorokhod space, where M
is certain S’(R?)-valued Gaussian process. Also, we obtain a strong law of large numbers
for the process {Xt(K),t > 0}.

Throughout this Section we assume that F' is a general life time distribution function,

i.e.; a distribution function concentrated in R,.
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Now, we state our main results of this Section. The first concerns a strong law of

large numbers for the process {Xt(K),t > 0}.

Theorem 3.1.1 (Law of large numbers) For each t > 0 and ¢ € S(R?),

(0, X0

K - <907A>7

in L2(RY), as K — 0.
The main result of this section is the following theorem.

Theorem 3.1.2 (Functional central limit theorem) As K — oo, M) = M in
D (Ry, S"(R?)), where M is the centered Gaussian S'(R?)-valued process with covariance

functional:

Clovpitd) = (oS ) + [ (Ser) (Sest), NU(), 0< 5 <1, 9.6 € S'(RY,
(3.1)
where U(r) = > F*(r).

Remark 3.1.3 (a) Notice that theorems |3.1.1] and |3.1.9 are true for any lifetime dis-

tribution function, since equation is meaningful for any distribution function F.
(b) From Remark we observe that if F' corresponds to the exponential distribution,
then Theorem[3.1.9 renders the result proved in Gorostiza (1983).

Proofs of these theorems will be given in Section 3.1.2. In the following section we
study some properties of the limit process M. To prove the weak convergence we will

use the continuity property of M.

3.1.1 Properties of the Limit Process

In this section we shall show some properties for the limit process. Namely, Markov

property, a.s. path continuity and generalized Langevin equation.
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Theorem 3.1.4 (a) The limit process M is a Markov process.
(b) For any ¢ € S(R?),

t
0. ) = [ (Bav Mds, 20, (3.2)
0
is a square integrable martingale with respect to the filtration Fy = o{(¢, M,.),r < t,¢ €
S(RY}, t > 0.
Proof: (a) First, we show that C(s, ¢; s,S;—s10) = C(s,p;t,) forall s < tand p, ¢ € S.

In fact,
O, 5.800) = (pSursSisthi A) + / U(Sues (St (Sor)]s AU (r)
(S A) £ / (St)(Ssrp), AU (1)
= Cls, it ). (3.3)

Hence, the Markov property follows from Theorem m Part (b) follows immediately
from ((3.3) and Theorem m

Theorem 3.1.5 The limit process M has continuous paths almost surely.

Proof: In fact, we will show that there exists p > 1 such that M is almost surely

continuous in the norm |[|-||_,. To this end, we will use that that for any given ¢,

oy V7O
TeR, Q(T)

< 00 (3.4)

for some g € F'; and

V(o) = | sup (0.:0)%]

0<t<T

Taking this for granted, the result follows from Theorem m To prove ((3.4)) we start

by observing that

(6, M)? = <<¢,Mt>— /0t<Aa¢,Ms>ds+ (Aaqb,Ms)ds)z
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hence, using Jensen’s inequality,
2

E sup <¢7 Mt>2 S 2K sup (<¢? Mt> _/t<Aa¢7 Ms>d8)
0

0<t<T 0<t<T
2

+2E sup (/t(AaQﬁ, Ms>d8)
0

0<t<T
2

< 2E sup (<¢>Mt>_/t<Aa¢7 Ms>d8)
0<t<T 0

T
+2TE / (Aph, M,)?ds.
0

Now, applying Doob’s inequality to the martingale (3.2) we have that

E sup (<¢, - [ (Bt Ms>ds>2 < 7R (<¢, v - [ (2o, Ms>ds)2

0<t<T

< 2

E(¢, Mr)> + E (/OT<AQ¢, Ms>ds>2]

T
< 2 [Bor? 4T [ B0 0]
0
Therefore,

T
B sup (0.0 < 2 [Bo. M + 7 [ B(dw0. MG
0

0<t<T
T
+2T/ E(A,¢, M,)ds
0
T
— 2ME(g, Mp)? 4 (244 2)T / (Ao 6, M.)2ds.
0
Using that
T
B(o, Mr)? = C(T.6:7,6) = (0% M) + [ {(Sr-r)"  ANU()
0

and , we have that

(Si0) A) = /R d { /R dpt—r(w—y)gzﬁ(y)dyrdx

S /R VR C(t_r)uq—b(%dyrdx

= (t—r)Q/Rd {/Rdc%dyrdx.
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Hence,
T
B(o,Mr)* < (6 0) + s [ (T =rPaU(r),
0
with ,
P(y)
= — dz.
o / [/Rfrx—yrdm e
Therefore,

E sup (¢, Mp)®> < 2° [<¢2,A>+C¢ /0 T(T—r)%lU(r)}

0<t<T

S

L@ 4 )T /0 ' {(AQ¢Z,A>+%¢ /O (s—r)sz(T)] s,

which renders

E sup (¢, M7)? < cga.69(T),

0<t<T

where cq4,4 is a positive constant, and

o(t) :t2+/0t(t—r)2dr+t/0t/os(s—r)2dU(r)ds,

so that g is a positive locally bounded function on [0, 00). This completes the proof. [

Theorem 3.1.6 (Langevin equation) Assume that F' has a continuous density f. Then,

the process M satisfies the generalized Langevin equation

th = AZMt—{_th) (35)
MO = W7

where W is a centered spatial white noise and VY is the Wiener process associated to the

family of operators {Q;,t > 0} such that for each o, € S(R?),

<()07 Qt¢> = <§0¢7 A>u(t> - 2<90Aaw7 A>7 (36)

where u(t) = dU(t)/dt.
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Proof: We will show that M satisfies all the conditions of Theorem [1.5.3l Condition
1 follows from Theorem [1.4.8] Condition 3 holds by hypothesis and Condition 4 follows
from Theorem [I.4.5] It remains to show Condition 2. We have that, for each ¢t > 0 and
p € S(RY), t

Cltoiite) = () + [ (Sier)® MU )

and, because of Lemma [1.7.2]

Clt.gitip) = (.0 + ((Sir)? Aulr)dr

Hence, the function t — C(t,¢;t, ) is continuously differentiable. Then, applying
Theorem we get the Langevin equation. It remains to show equation (3.6|). Notice
that for s = t, (3.1) can be written as follows

C(t,so;t,%b):(s&w,AH/o<90(Sz<tr)w),AM(?“)dr, 0<t, 9,0 R  (37)

Therefore,

GO 910) = o A)ut) + 2 [ (S, Mo

Hence,

(0, Qup) = %C(t,w;t,@—20(t,Aas0;t790)
= (o Abu(t) + 2 / (0 (Saer D), AYu(r)dr
(Bl Ault) = 2 [ (oS Bav), Apulr)ar
= (P A — 2(Dap)o, AY) ).

Then, equation (3.6 can be deduced from

(0, Qeb) = 5 [((p + 1), Qulip + 1)) — 0, Qup) — (5, Q)]

Remark 3.1.7 (a) The assumption in the theorem above that F' has a continuous density

cannot be dropped; without such assumption we cannot quarantee differentiability of the
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function t — C(t,p;t, ).
(b) Assuming that F(t) =1 —e ™ ¢t >0, and o = 2 we get that u(t) = X\, see Remark
1.7.1. Hence, @ 18 equivalent to

(0, Quib) = My, A) + (V- Vi, A),

which recovers a result from Gorostiza (1983) for critical binary branching.
(¢c) By Remark (a) in Theorem 3.6 from Bojdecki and Gorostiza (1986), without any

reqularity condition on F we still have

(o My = (. W) + / (o, My)ds + (W), 20,

where {W;,t > 0} is a continuous S'(RY)-valued Gaussian process with covariance func-
tional
E [<907 WS><907 Wt)] = ’C<S A t7 25 A tu w)
SNt
_/ (K(uaAagp;ua ¢) - IC(U’ ¥ u, Aaw))du7
0
for all s,t >0 and p,7 € S(R?).
(d) In case that « = 2, equation has the meaning given in Section 5 Chapter 1.

When o < 2, has to be understood in a generalized sense, because of A, S(R?) ¢
S(RY), see Dawson and Gorostiza (1990).

Theorem 3.1.8 (Spectral Measure) For any t > 0, M; is a homogeneous S'(R?)-valued

random field whose spectral measure has a density o4(z) given by

¢
oy(2) = (2m) 7@ +/ e 2R AU (), 2z € RY

0

Proof: From (3.1)) we have that, for each t > 0 and ¢, € S(R?),
t
Cov ({p, My), (¥, My)) = (o1, A) +/ ((St=rp)(Se—r00), A)dU (r).
0
Hence, by Plancherel’s formula

(15, A) = (2m)~ / By (@)de

R4
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and
Sip(x) = e " 3(x),
we get that
t - t
/ (Syrp)(Syth), AU () = / H(2)0(x) / e=2=0lel® g7 (1) dp.
0 R4 0
Therefore,

Cov (. M), (0. M) = [ pla)i)oalde,

with o; as in the theorem.

3.1.2 Proofs of the high density limit theorems

Here we give the proofs of the limits theorems announced at the beginning of the present
section.

Notice that, from Proposition , for 0 < t; <ty < 0o and ¢y, s € S(RY),

Cov({1, XY, (02, XIN) = KC(t, p1; 12, 02). (3.8)

The next lemma gives convergence of finite-dimensional distributions of M ) towards

M.

Lemma 3.1.9 M) == M as K — o0, i.e., for eachp >1,0<t, <t, 1 <--- <

t) <00, p1, - ,pp € S(RY) and 0y,--- ,0, € R,

p p
i 0,00, M) 1 :
E[e =1 ey exp —gzzeﬂkcﬁj%atk’%) )

j=1 k=1

as K — oo.

Proof: The proof of this result relies on Bochner-Minlos-Sasonv’s theorem (It6 (1984)),

which is the counterpart of Lévy’s Continuity Theorem in nuclear spaces. First we note
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that
[ P (K)
R L] - (00 X0) — Ky, A)
E{e 1 J } = K |exp (1;@ i
I p
= E [exp (+iZQjK_1/2<SOjaXt(JK)>>]
L j:l
p
X exp <—’iK1/2 Z@'(%‘,A))
j=1
Rd

P
X exp <—iK1/2 Z 0,(e;, A))

= exp ——/ (Ze (i, Zs, ) dx

e (/ K [Eméz?:l K=120;(p;,Z;) _ 1

—iK 1/2ZGE (0 Z4,) + K 'E, (Ze (), Z, > dz |,

7j=1

where the integrand converges to 0, as K — 00, and is bounded by ¢ >"_, 03, (p;, Z;,)

for some constant ¢ > 0 (see Breiman (1992) Proposition 8.44). Hence,

i P . . (K)
Jim E {e =1 030 M >] = exp ——/ (29 (0, Z4, ) dx

Then, we finish the proof by observing that

p 2 p p
/Rd E, (Z 9j<90j,th>) dr = > 0,6,C(t;, 5 b, 1)
j=1

=1 k=1
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Proof of Theorem We need to show that, as K — oo,

E (% o <907A>) — 0,

for all ¢ € S(R?). Note that, from ({3.8)),

(K) ? 2
E (% —{p, A>> - %E ({0, X1 = K (i, )

= o Var ({o, X))

1
= —=C(t,p;t, ).
K (’@7 7%0)

Letting K — oo yields the result. O

We conclude this Section by giving the proof of Theorem [3.1.2 We recall that, by a
well known result of Mitoma (1983b), to show tightness of the sequence {Mt(K), t >0},
K = 1,2,---, is enough to prove tightness of the sequence of the real-valued process
{{p, Mt(K)),t >0}, K = 1,2,---, for each ¢ € S'(RY). The following lines uses some
notation from the Appendix.

Consider the process X := {X;x X,, t > 0}, where {X,,t > 0} is the branching system
defined in Chapter 2, and {X;,t > 0} is the Markovianized branching system introduced
in Appendix A. The process X is a Markov process with paths in the Skorokhod space
D([0,00), M(R%) x M(R, x R%)).

We next give the infinitesimal generator of the process X for certain cylindrical

functions. Define
9, p2) = G({p, ) for € S(RY), py € M(R?), p € M(Ry x RY),

where G € C3(R) is such that G"” = 0. It can be seen that the infinitesimal generator
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G, is given by
1
Gy, p2) = (Do, )G ((@, 1)) + §(Aas02 — 2000, 11)G" ({, 1))

), D oGy + (k= 1)8) = G, p)s 2}, (3:9)

where A(u) = f(u)/(1 — F(u)), u > 0 and for the notation (¥(x, ), o) see comment
following ; this can be done by expanding GG in Taylor’s series and then proceeding
as in Section A.0.2 in the Appendix A.

Putting G(y) =y for all y € R, from (3.9) we get that

Go(pn, i) = (Do, i) + M), D pelk = 1)p(-), pi2)

= (Asp, ),

where the second equality follows from criticality of the branching. Then, from the

Markov property we have that
t
Vo) = (o, X0 - [ (BupXds, 120 and peS®), (3.10)
0

is a martingale (with respect to the filtration generated by the process X ).

Proof of Theorem . We will show that the sequence {M¥) K = 1,2,---}
satisfies all the conditions in Theorem [I.8.1] First we note that, by Theorem [3.1.5] the
process M possesses continuous paths. Condition (b) is proved in Lemma m To
prove conditions (c) and (d) we show that M%) satisfies Remark In fact, from

(13.8) we can see that
t
Blp. MY = (020 + [ (Siere)? ANV, (3.11)
0
for each t > 0 and ¢ € S(R?). Note that, (3.11)) can be bounded from above as follows

E(p, M)? < (% A) + / (Ses i), YU (7).
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Hence, without loss of generality we can assume that ¢ > 0. Now, we observe that

St—TSO

(Serp)® A) = s, GpSi—rp, )
< lelp(@pSi—re, A)
< elp(Se—rp, A)
= |olp(e, A). (3.12)

Hence

0<t<T 0<t<T

(0%, A) + [olp (o, VU (T),

swp Blo. M%) < s (1500 + [ lolle ave)

IN

and therefore,

sup sup E(p, M52 < 0.
K>10<t<T

It remains to verify Condition (a), and for this we use the Markovianized process dis-

cussed above. From ((3.10)) we know that for all ¢ € S(R?),

t
(0, X)) — / (Aug, X)ds, t>0,
0

is a martingale. Therefore, for all ¢ € S(R?),
t
(0. M) = [(ap, 0N ds, 12 0, (3.13)
0

is also a martingale since (A4, A) = 0, seen as a process in D ([0, c0), S'(R?) x S'(R*1)).

Notice that, Lemma [3.1.9| gives M) =; M, from this follows that (M), 0) =,
(M,0). Hence, we have shown that (M) 0) = (M, 0), this convergence holds in the
space D ([0, 00), 5 (R%) x S’(R?1)). Finally, by Lemmawe get that, M) — M
as K — oo, in D ([0,00), 5’(R?)). This completes the proof. O
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3.2 Space-time scaling

This Section is dedicated to the study of the so-called space-time scaling limit, in which
the coordinates in space-time are Kx and K“t, respectively, and K — oco. Let {Xt2 ’K,t >

0} denote the resulting branching system. Then, for each K =1,2,.. .,
(o, XPT) = (0", Xper), 20, € SR, (3.14)

we recall that X (z) = p(z/K), © € R The fluctuation process {M>™ t > 0} is
defined by

<()0K7 XK"‘t> — E<90K7 XK‘”)
K (d+av)/2 ’

(o, MP) = t>0, e SRY. (3.15)

Throughout this Chapter we assume that d > a~, which according to Vatutin and
Wakolbinger (1999) and Fleischmann et. al. (2002), corresponds to supercritical dimen-
sion for persistence, i.e., in this case the process is persistent. Notice that persistence of
our branching particle system holds also at the critical dimension d = a7y, see Vatutin
and Wakolbinger (1999) and Fleischmann et. al. (2002). As in many other cases, the
critical dimension is much more difficult to handle and requires a more delicate treat-
ment. If we do not restrict to d > ay we can not prove that the error term (involving
third order moments) in the Taylor expansion goes to zero, see Lemma below.
Thus we can not end up with a Gaussian process. Hence, it would be interesting to
investigate what happens at the critical dimension. For example, looking for another
normalizing constant we can try to show some kind of convergence.

We give the statements of the limit theorems of this section. The first one is a strong

law of large numbers of the process {M>"* ¢ > 0}.

Theorem 3.2.1 (Law of large numbers) Assume that d > «ry. Then, for each t >0

<90K7 XKO‘t>

Kd - <907A>7 (pESGRd)a

in L2(RY), as K — oo.
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The main result of this section is the following theorem. From now on, the notation

d(u”) should be understood as yu"'du.

Theorem 3.2.2 (Functional central limit theorem) Assume thatd > avy. Then, M** —

M@ as K — oo, in the Skorokhod space D(R.., S'(R%)), where M® is a centered Gaus-

sian S'(R?)-valued process with covariance functional

Ktopritaen) = mrs | [ Sue@)(Sumsp@dzdte). (316)

for all 0 <ty <t; < 0o and ¢1,ps € S(RY).

Remark 3.2.3 Using the elementary renewal theorem |1.7.5 we can prove that theorems

[3.2.1] and |3.2.2 still hold for a general lifetime distribution function with finite mean

i > 0. The corresponding statements of these theorems remain the same as above but

with v =1, and the covariance functional in Theorem |3.2.2 changes to

1 [t
Umw@wﬁ:—/l/wmwM@@er@Mm-
HJo Jrd

In this way, we recover the classical known result for exponentially distributed lifetimes

with rate 1/p.

3.2.1 Properties of the limit process

In this Section, we discuss continuity, Markov property and generalized Langevin equa-

tion of the fluctuation limit process.

Theorem 3.2.4 (a) M® is a Markov process.
(b) For any ¢ € S(R?),

t
<¢7 Mt(2)> - / <Aa¢7 M7§2)>d7”7 t > 07
0

is a square-integrable martingale with respect to the filtration Fy = o{{¢, M§2)), 0<s<
t,p € S(RY)}, for each t > 0.



36 CHAPTER 3. FLUCTUATION LIMITS

Proof: (a) Given 0 < t, < t; < 0o and @1, € S(R?), we have by the semi-group

property of S,

1 t1Ato
K(t2, 02;t2, Sty —1,601) T(1+) / ((Sty—r(Sti—t,01)) (Sty—ripa) , A)d(17)
0
1 t1/Nt2
B m/{) <(St1—7°(p1) (Stz—TQDQ) ,A)d(rv)
= K(ta, p2;t1, 1) (3.17)

To finish the proof we apply Theorem with @ = Sy, 4, .
The second part follows from (3.17)), as in (b) of Theorem [3.1.4] 0

Theorem 3.2.5 There exists p > 1 such that the process M@ has a continuous version

in the norm ||-[| .

Proof: In the same way as in the proof of Theorem [1.4.8] we can see that

T
E sup (p, M{7)? < 2B(p, M2)? + (2° + 22T / E(Anp, MP)2ds.
0

0<t<T

But, from Theorem we know that,

E{p, M) = K(t, ¢;t,¢)

1

- / (Sier)?, A1),

and, as in the proof of Theorem [3.1.5]
((Serp)” A) < et — 1)

Hence,

t
Bl M7 < i [t
0

D1+~
1
= L/ 1 —w)?u tdut”
L(1+7) Jo ( )
YCo (v +3)

= £,

L1 +9) T(I(3)
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where in the first equality we made the change of variables u = r/t, and the second

identity comes from the form of the Beta distribution. Then,

I'(v+3)
E su M@y < 9f TG
Sup (e M S P T R)

~yeonst(p) I'(y + 3
I(1+7) D(MI(A3

T

T+ (2° + 22)T/ const(p)s’ds
0

Tr+1

y+1

= 20,77+ (2°+ 2% ))T

and therefore,

2
E sup <90’ Mt( )>2 S C(Qi,mcp,ocg(T%
0<t<T

where ¢, > 0 is a constant, and g(t) = 7 + ¢**7 for all # > 0. Noticing that g € F,

we get that
sup E supy<;<r (¥, Mt(2)>2 — 2 < 0.
>0 9(T) e
An application of Theorem [I.4.§] finishes the proof. U

Theorem 3.2.6 (Langevin equation) For each ¢ € S(R?),
t
M) = (0. M) + [ (Bog, MP)ds+ (6.0, 120,
0

where {W;,t > 0} is a continuous S’(RY)-valued Gaussian process with covariance func-

tional

E[{p, Wo)(o, Wi)] = K(sAt,p;s At 9)

sAt

- / (s Apit, ) — Koty 50, Aath) ),
0

5,6 >0, @1 ecSRY.

Proof: This follows directly from Remark (a) in Theorem 3.6 of Bojdecki and Gorostiza
(1986). O
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Theorem 3.2.7 (Spectral Measure) For anyt > 0, M? is a homogeneous S'(R%)-valued

random field whose spectral measure, 04(2), is given by

t
o(2) :/ e 2R gy, 2 € RY
0

Proof: We omit the proof because it is similar to that of Theorem [3.1.8] O

3.2.2 Proofs of the space-time scaling limit theorems

This Section is dedicated to prove the limit theorem stated at the beginning of this
section. First, we show some technical results which are needed to prove the desired

convergence.

Lemma 3.2.8 Let KE(ty, 01;to, 02) = Cov((gol,Mtzl’K),(@,Mi’K)), where 0 < ty9 <
t; < 0o and p1,p2 € S(RY). Then,

KX (t1, 015 ta, 02) — K(t1, p15ta, p2) as K — oo,

where

Kitngritanen) = gy | ] (Smue) 0Sawon) w)dod(a)

Proof: From the proof of Theorem we know that, for 0 < ¢, < t; < oo and

P1, P2 € S(Rd)a
E<90K7XK"‘75> - Kd<StSO7A> = Kd<(207A>

Moreover,
Ch(ty, p1;ta, 2) = Cov((pr, Xken,); (95, Xicar,))

= 902 SK"‘(tl t2)¥1 7A>
K%to
[0 ] (S el @) Sron el ) U ).
R
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Performing the change of variables u = r/K® and using the self-similarity property of

the a-stable semigroup, we obtain that

Co(tr, p1ita, o) = Kd<9028t1—t2901>A>
to
—I—Kd/ /d(St2_ug02)(m)(Stl_ugpl)(x)dde(Ko‘u). (3.18)
o Jr

Note that, by definition
ICK<t17 ¥1; t27 802) - K_(d+a7)C[2((t17 P15 t27 @2)7
and from (3.18)),

]CK(th Pr5ta,p2) = K (028 1,001, A)

t2
LR / (S )eale)(Sn )1 (@)dndU (). (3.19)
o Jr
Then, from Lemma (1.7.5) we have that
ICK(tla @1, th S02) - ’C(tlv @1, t27 902)7

as K — 0. O

For the next lemma we recall the notations (2.7)) and (2.8), where mp, (¢, ¢;) is the

mean assuming that the initial particle starts at the random position Bj.

Lemma 3.2.9 For each 0 < t3 <ty <t; < oo and p; € S(RY), j =1,2,3,

Ey

J

(s Z1)) = E.[[wi(By)

3 3
=1 j=1

t3
+/ E,[Cg,(ts — s,p3:ta — s, p2)mp, (t1 — S, ¢1)
0

+Cp,(ts — s, 33 t1 — s, 01)mp, (t2 — s, p2)

+Cp,(t2 — 8, 02:t1 — 5,01)mp, (t3 — 5,p3)]dU (s)
2

903(Bt3)/2 [1ms.(t; = s,0)dU(s) | . (3.20)

t3 j=1

~E,
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Proof: Keeping in mind the notation in Lemma [2.1.2] we have that, for p = 3,

83
ECL’ H(@jath> = 6939201 %0(3)(x)|6j:07
j=1

where
U : 050,(Br,)
90,6, 47 {1:[
t1 3 a
- / U"(QF- 0 (B Ha_ i-s03)(Bs)
0 :
+\IJII<Q?7$6(3)< ))80 ae Qt s ( 5>_Q%*SQ(3)(BS)
SV B (B) 5 a@ 7 010 892@ (B,
+\I]”<Q?759(3)( ))89 80 Qt s ( )aeth s ( )
9
‘I’/(Q%_se(:s)(Bs))ng_se(:J))(Bs)] dN;
: borm) [ 0
L eierae | W'<Q%,Se<l><33>>8—91@%%9(1)(35)%
i=2 f2
to
— gy (By, e ts#s(Br) / V(Q2_ 015 (B, ))09 5@ 0 (BN,
t3
to
- 903(Bt3>6_03<p3(3t3)/ \IJ”(th—se(Q)(BS)) H a_thg—se(?)(Bs)st} .
t3 j=1 J
Since W(s) = 1s%, we have that
T'(0)=0, U'0)=1, ¥50)=0, for K =3,4,---
The proof ends by recalling that Q26,3)(z)|s, ~g,=0,=0 = 0. O

Lemma 3.2.10 Assume that d > ay. For each 0 <t3 <ty <t} < o0 and ¢; € S(Rd),
J=123,

3
K (drem3/2g H<903K> Zgar;) — 0 as K — oo.
j=1
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Proof: We start with the first term in the right hand side of (3.20)). Using the Markov

property of the a-stable process, we obtain

3
]Ew H SOJK(BKO‘tj)
j=1

= EI {SOS BK"‘tB)E [@{((BKQH)ng(BKatQ)'BKo‘ts]}

Prets (2, 9)05 (Y)E [0f (Biar, )0 (Bicat,) | Bicat, = y] dy

BK"‘t3

Prcats (2, 9)% (V)Ey ¢ (Bia,—1)#5 (Braws—5))] dy

Prets (2, 9)05 (1) Ey {E [of (Bro(ty-15) 95 (Bio (ta—ta)) | Bro(ta—ts)) } dy
Prets (7, Y) 803 y)/pKa(tg—t3)<y7Z)Sog((z)Ez[So (Brco(ti—ty))|dzdy

Kats (05 () (Sko(ta-t)92 ) () (Skei-e 1) (1)) (2)

St (93() (Sta—ts02) () (Sti—rp1) ()" (2)
= K" (S, (93() (Sta—ta02) (-) (Sti—r01) (1)) ().

Il
O — — — —

—~

Therefore,

K~ (dten3/2g — 0, as K — oo. (3.21)

3
x H (PJK(BKO‘tj)

J=1

Now we deal with the second term in equality (3.20). Namely,

K%ts
| Gt = st = sl (1 = . 00)laU ()
0
t3
= / e[CBya, (K*(t3 — 8), 03, K (t2 — ), 02)Mpea, (K*(t1 — 5), 01)|dU(Ks)
/ /pKaﬁy S03SKat2 t3902>()
Rd

K% (tz—s)
/0 (Sets—reh ) () (Skota—rey ) @)AU(r) (Sko(—sel) (y)] dydU(K®s),
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where
| [ pree e @) it )yl ()

= /05 (SK%(SD?»StrtS%)K) (z)dU(K*s)
- / (Su(03S1rnp2) (2)dU(K"s)
- K / (8038 1p2)) (©)dU(K"s)
= oK),

and

t3 K% (ts—s)
/0 / prces(, ) / (Sicetsr ) (1) (Sxetnor o) (1)dU(r)

X (Ske-s¢1 ) (¥)dydU (Ks)

(v

[ S [ S O S O (K7

(SKa(tl s)%)()}( )dU(KO‘ )

- / / " S [(Smen) () (Suongd) () (S ()] @)U ()aU (K7 s)

- / /  [(Stons) () (Stanp2) () (Su—sipr) (] (2)) dU(FR)dU (K™s)

= Kd/o 3 /O 3= S, Stg—hSO?)) () (Stg—hQOQ) () (Stl—swl) ()] ($)dU(Kah)dU(K°‘5)
O(K 2oy,

Therefore,
K%ts
/ E,[Cp,(ts — s, 03:ta — s, p2)mp, (ti — 8,¢1)|dU(s) = O(K*T*7) + O(K*27).
0
Similarly, we have that
Kots
/ [CB (t3 — 8,03t — 8 gol)mB (t2 — 5 @2)]dU( ) O(K‘H‘”) + O(Kd+2a'y)
0
and

K%ts
/ ]E:(:[CBS (t2 — 8,23t — S8 gol)mB (t5 — S @3)]61[]( ) O(Kd-l-a'y) + O(KCH_QOW)
0
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Also, it can be shown as in the preceding calculations that,

E,

o3(Bry) / [T s, (65 = 5. 93)dU(s)| = 0GR

t3 j=1

Therefore, putting all these calculations together, we obtain that

3
Ez H<QOJK7 ZKatj> = O(Kd) + O(Kd-i-a’y) + O(Kd-i-Qa'y) - O(Kd+a’y)_

j=1

Finally, since d > avy,

3
K—(d-l—av)?)/QEm H(SOJK’ ZKatj> — 0,

J=1

as K — oo. U
We are ready to prove convergence of the finite-dimensional distributions of M?*¥ to
those of M.

Proposition 3.2.11 Assume that d > ary. Then, M*X =; M® as K — oc.

Proof: Given 0 <t,<t, ; <--- <t <ooand ¢, - ,p, € S(R?) we have that, for
each 61,--- .0, e R,

P
exp (ZZGJ goj,MZK )]

1

P K
o 903 7XKO‘t > E(@] ’XKatj>
B exp <Z 20 K(@tan)/2

7j=1

Jj=1

=

= E |exp

P
X exp ( zZK (d+an)/2g. E(gp , X ot )) ,
7=1
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where

p
exp (ZZK d+0‘7)/20 (¢; 7XK%].)>]
7=1
exp (_/ Ex |:1 . eizp K—(d+an)/2q; (4.0 ZKat >] d[L‘)
Rd

N —(d+am)/2p /K K- (#He) - K i
= €eXp \/Rd EZ’ZZK 1)/ 0]<903 7ZK°‘tj> - T]Ex ZHJ«OJ 7ZKO‘tj>

j=1

3
. p
! - (63
_ 5]{ (d+ 7)3/2E$ (Z 9j<90§(,ZKatj>> 4+ | dx

Thus, from the preceding calculations and lemmas [3.2.8 and [3.2.10] we get that

E

P p P
) 1
exp (Z > 60ilp;, Mth’K>>] = exp (—5 DD 06K5 (L, 05t 1) + O(K(dm”?’ﬂ)) ,

j=1 j=1 1=1

and therefore,

p p p
1
. : 2K :
Jim E fexp (@ZQj@jaMtj >>] = exp (-52293'91/@%7%,1#1,%)) :
=1 =1 =1
the last relation showing that M*X =; M® as K — oc. O

Now we proceed to prove theorems and stated at the beginning of this

section.

Proof of Theorem . Given t > 0 and ¢ € S(R?) we have that,

E (-<<P }?iKo‘t> _ <907A>) — K 2Eg (<S0K7XK%> B E(@K,XK%»

= K*Cx(t, ¢;t, ).
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Now, from ({3.18)) and Lemma we get that
K X o 2
lim E (—<80 Kier) (gp,A})

K—00 Kd

K—00

= lim (K‘d<¢2,A>+K‘d /0 t((st_sgo)2,A>dU(Kas))
K —dtay

- K@mm/o<(3t—ss&)2,/\>d(37)
= 0

because of —d + ay < 0. This ends the proof. U

Proof of Theorem We follow the same approach as in Theorem [3.1.2] We
have to verify that conditions (a)-(d) in Theorem hold. Condition (a) follows in
a similar way as to the corresponding condition in Theorem [3.1.2) and condition (b) is

exactly Proposition [3.2.11] To show (c) and (d) we will prove that
sup sup E(p, MPX)? < o0, p € S(RY),
K>10<t<T

for each T" > 0. We recall that, as in the proof of Theorem [3.1.2, we can assume that

¢ > 0. Then, from Lemma [3.2.8 and (3.19) we have that
t
K=" A) + K7 | ((Si—up)®, A)dU (K u)

Ko [<¢2,A> Hlelyle) [ dU(K&u)}
< K [(¢% A) + [olp (e, MU (K)]

since by (3.12)), ((Si—up)®, A) < ||(p, A). Then, for each T > 0

E{p, MP5)?

IN

sup B, M) < K0 (62 A) + L], (o, MU (KT)]

0<t<T

Hence,

sup E(p, MP™)? < 0.

0<t<T
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Chapter 4

Occupation time: strong laws of

large numbers

Given a cadlag measure-valued process Y =: {Y;,t > 0}, the occupation time process of

Y is again a measure-valued process {.J;,t > 0} defined by

(6,.J) = / (6, Y.)ds, >0,

for all bounded measurable function v : R — R,. Our goal in this Chapter is to show
that the occupation time of the branching system {X;,¢ > 0}, satisfies a strong law of
large numbers similar to that obtained by Cox and Griffeath (1985) and Méléard and
Roelly (1992) for the case in which the particle lifetimes are exponentially distributed.

See Lépez-Mimbela (1994) for a multi-type version in the Markov case.

Section 1 deals with the strong law of large numbers in the case of heavy-tailed
lifetimes. In Section 2 we show the strong law in the case of particle lifetimes with finite

mean.

47
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4.1 Heavy-tailed life times

Recall that the age-dependent branching particle system with long-living particles is
persistent for dimensions d > a7, d = a7 being the critical dimension, see Vatutin and
Wakolbinger (1999) and Fleischmann et. al. (2002). We shall prove that the occupation
time satisfies a strong law of large numbers in super-critical dimensions d > ay. We shall
prove the result in two steps. First we show that the result holds for “low” dimensions
ay < d < 2a; this part of the proof uses the non-Markovian branching system described

in Chapter 2. In the second step we consider “large” dimensions d > 2«, and in this

case we use the Markovianized branching system described in Appendix A.

4.1.1 Low dimensions

In this section we study the strong law in dimensions d such that ay < d < 2«a. As
we mentioned above, in this case we work directly with the non-Markovian branching
system {X¢,t > 0} described in Chapter 2.

As in Bojdecki et. al. (2004), we define the re-scaled occupation time process,

{Jr(t) := Jir,t > 0}, i.e., for any positive bounded measurable function ¢,

i) = [ (X
- T/t<go,XsT>ds, t>0.
0
Notice that, by Fubini’s theorem,
E(p, Jr(1)) = (¢, M)T, (4.1)
since E{p, X;) = (p, A). The main result in this section is the following theorem.

Theorem 4.1.1 Assume that ay < d < 2a and that ¢ is a positive test function with

[ [ stahotle = yltdyds < oo
Rd JRR4
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in case that d < . Then, as T — 00,
T, Jr(1)) = (@, ). (4.2)

The proof of the theorem is based on the Borel-Cantelli Lemma. In order to use this
classical tool we prepare some preliminary results.

Recall that, from , the covariance functional of the branching system is given
by

Cov ({0, X0, 0, Xu)) = (9Sr-p, A) + / (oS ap, NU(r), s <t, e SR,
(4.3)
where U(r) :=E[N,] = Y27, F**(r).

Lemma 4.1.2 Suppose that the hypothesis in Theorem[{.1.1 hold. Then, for each e > 0
and all T large enough,

2
2

(CgT_2 -+ ClT_l -+ CQT_d/a + C4T’y_d/a) s
€

P (T g, Jr(1)) — (9, A)] > €) <
for some non-negative constants cq, co, c3 and c4.

Proof: Let € > 0 be given. Then, using Chebyshev’s inequality and (4.1),

2

P (T o, Jr(1) — o NI > ) < 5B (TN, J2(1)) — (¢, )
= B (e, Jr(V) ~ T, )’
= Cov (o, Jr (L), (g, Jr(1)
= L[ [ covttp Xer) g Xer) s,

By changing the order of integration we obtain that
2 1 v
P(IT e, Jr(1)) — (o, A)| > €) < 6—2/ dv/ Cov ({0, Xur), (0, Xor)) du.  (4.4)
0 0
Therefore, from (4.3]) we get that

P (|7 e, Jr(1)) = (¢, M) > €) < (1) + (11), (4.5)
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2 1 v
[) = —2/ dU/ du(@ST(v—u)SOw/\))
€ Jo 0
2 1 v u
(I1):= 6—2/ dv/ du/ dU(Tr) (¢St w+u—20y0, ).
0 0 0

We proceed to derive upper-bounds for the last two integrals (I) and (II). Firstly, by

where

and

performing the change of variables s = (v — u)T" and t = vT, we get that

62 1 T t
T / it [ dstesien)
1 T t
= ﬁ dt/ ds{pSse, >+ﬁ/A dt/o ds{pSsp, A

for some positive constant A, where

/Ot«pssso,mds = /Ot /R /R o(2)ps(x — y)p(y)dy dz ds
- /Rd /Rd e(x)e(y) /Otps(x — y)ds dy dx

/ / o(2)p(y)const. (lx —y[* ¢ + tl_d/a) dy dx
Rre JRd

t
/ ps(x — y)ds < const. (|z — y[*~ + ¢ 79/
0

IN

since

because of self-similarity of the a-stable semigroup. Since by assumption

/ / Y|z —y|*dy dv < oo,
Rre JRd
we get

T t T
/ dt/(goSscp,A>ds < Const./ / so(x)so(y)/ (Jz =yl +t74) dt dy dx
A 0 Re JRd A

= T — A) + (T — A1),

for some constants ¢y, co > 0. Therefore,

2 T T2—d/a
(]) < T2 + Cl—= T2 + c T s
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A t
3 :/ dt/ (pSsp, N)ds
0 0

In order to estimate the integral (IT), we recall that

where

Ult) ~t7"/T(14+7) as t— o0

due to 1 — F(t) ~ ¢t77/T(1 — v), see Theorem [1.7.5] Then, writing ¢ for the Fourier

transform of ¢, we obtain

2 1 v U
%(H) = /dv/ du/ dU(Tr) /dy|¢(y)|2e—T(v+u—2r)yla

Rd

~ dv du dy]g?)(y)|2/ e~ Toru=2n)lyl* v =1
0 0 R4 0
and, after the change of variables z = (T'(v + u — 2r))"/®y, we get that
&2
—(II) ~ dv du dz T ey 4y — 2r)~ Y
2 Rd

><|g0 (T~ d/o‘(v+u—2r) d/o‘ )|e —lE =t gy

TY— d/a
< J e )@7 /dz —l2® / dv/ du/ v+ u— 2r) "V,
s Rd

Changing the order of integration in the expression above yields

Tr—d/e o
7 5 )< /dz sl /dv/ /duu+v o)~/ gy
T Rd

TY— d/a 9l- d/a _ \1-d/a _ _ \1-d/a
_ Y <SO7 / dze™ |z / dU/ Y= 1 ) (U 71) dr
@M e 1—d/a

TV d/a 91— d/a _ N
_ g <907 )\> / dZG_lz‘ / d?}/ o 1 1 d/adT‘
20l 1—d/a Ju

Changing again the order of integration we get

T'yfd/a A 217d/a -1
— 8 <(107 > dZe |z~ ’]"’Y_ dU 1 d/ad’r‘
(2m)d 1—d/a Jga

v—d/a 1-d/a __
’VT <(IO7 /\> 2 1 / dze™ |z] / - 1(1 T)chl/ad?,,7
@2md (1 =d/a)2 - d/a) Jpa 0
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where the last equality follows from the assumption d < 2a. Hence, for T' large enough
(IT) < E%C4T7_d/a. (4.7)
Therefore,
2

P (|T_1<gp, Jr(1)) — (p, \)| > e) < = (03T_2 + T+ T~ 4 C4T7_d/a) )

Proof of Theorem 4.1.1] Let ¢ > 0 and a > 1 be given constants, and let T}, = a”
forn=1,2,.... Then,

> P (T e, I, (1) = (2. )] > ¢)

2 (o]
n=1
2 o
- 2 Z (c3a_2” +ca "+ Cga(_d/a)” + C4a(’7—d/a)n)
n=1
< 00,

due to the assumption d > ya. It follows from the Borel-Cantelli lemma that

Now, we observe that for each 7" > 1, there exists some non-negative integer n(7’)

such that a™™) < T < a™™*! and n(T) — oo, as T — oo. Hence,

(0 Tn (1) _ {0, T2 (V) _ (i, Jonerra (1)
- T

an(T)+1 - a™(T) ’
and
< < — <
= hTrrLlorgf T < lernjip T < (p,Na,
these inequalities being true for any a > 1. Letting a — 1 we get the result. U

Remark 4.1.3 Note that the null set in the proof of Theorem[{.1.1 may depend on the
test function . A null set can be chosen not to depend on ¢, see proof of Theorem 1 in

Iscoe (1986b).
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4.1.2 Large dimensions

Our goal in this section is to complete the proof of the strong law of large numbers
for the occupation time of our branching system. Namely, we show that Theorem
also holds in large dimensions. To do this, we use the Markovianized branching system
{X;,t > 0} defined in Appendix A. We refer to Appendix A for definitions and notations

regarding the process {X;,t > 0}. We shall prove the following theorem.

Theorem 4.1.4 Assume that d > 2a and that X, is a Poisson random field on R, x R?

with intensity measure F' x A. Then, ast — oo,

Jt a.s.
uT) o g, m),

for all positive test function ¢. (Here F also denotes the Lebesgue-Stieltjes measure

associated to the lifetime distribution F).

Remark 4.1.5 Since we are interested only in the spatial component of our branching

system, it is enough to deal with functions which only depend on the spatial coordinate.

To prove this theorem we will need some preliminary results, starting with

Proposition 4.1.6 Assume that X, is as in Theorem . Let ¢, be nonnegative,
measurable compactly supported functions from Ry x R? to R,.. Then, the joint Laplace

functional of the branching particle system and its occupation time is given by

E e—<w7xt>—fg<¢,f<5>ds} _ (VXA

where Vf(b satisfies, in the mild sense, the non-linear evolution equation

0
5V o w) = LVF(u ) = Au)[@(1 = Vi¥(0,2)) = (1 = Vi¥6(0,2))
+¢(u’ 93)(1 - ‘/;¢¢(u, 33)), (48)
Vo) = 1—e ),
where ®(s) = %+ %32, for all s € [—1,1], with X\ given by and L given by n
Appendiz A.
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Proof: First we note that Proposition (A.0.2)) also holds for a time-dependent function
1. In particular, we can replace ¢ by W;f’_tgb for t € [0,T] with T > 0 fixed, where WYe

is the mild solution of the partial differential equation

%Wt‘”as(u, ) = LWEG(u,x) + AW)[@(W6(0, 7)) = W (0, 2)] = éu, )W 6 (u, ),

Wépqﬁ(u, xr) = e~ ¥we),
We see that, for 7> 0 fixed, (A.9)) can be written as
t
M, = ollos Wi 6.X1) _/ <¢’XS>6(10gW$75¢7X5>d87
0

hence M’ is a martingale on [0, 7]. Now, applying Corollary 2.3.3 of Ethier and Kurtz
(1986) to M’, we get that

t
M, = exp ((log W}p_tqﬁ,Xt) — / (¢, )_(S>ds) , 0<t<T,
0

is a martingale. Then, taking expectations and using the martingale property of M we

deduce that

E 6—<w7)‘<t>—f$<¢,)?s>ds} _ E[eaogvv;”w?w}

_ 6-(1—W;¢’¢,Fx/\>
)

where the last equality follows from the assumption that the initial population is Poisso-

nian with intensity measure F' x A. Finally, to finish the proof we put Vtwgf) =1- Wf(b.D

The next Lemma gives the mean of the occupation time.

Lemma 4.1.7 Let ¢ : R? — R, be a measurable function with compact support. Then,

for each t > 0,

E(p, Ji) = (o, M)t.
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Proof: For any given function ¢(z), x € R, we define the extended function ¢(u,z) =

$(1), (u,r) € Ry x R% Moreover, for any k > 0 we define

Li(k¢) = ]E[ef’ffé(é,)_(s)ds}
€—<Vt(k<73),F><A>7 (49)

where V; (ko) satisfies (4.8) with ¢ substituted by k¢, and ) = 0. Notice that

E(¢, J)) = —%E [exp—UwEJtM

= <di§€vt0(k<£), F x A> exp (— (V2 (k@), F x A)) |p—o+ -

k=0t

Then, defining V¢ := d%VtO(ké)‘ and recalling that V,°(0¢) = 0, we obtain
k

=0+

%Vté(u,x) = »C"/tﬁg(u’x)"”é(u’x)

Therefore, recalling that {Tt,t > 0} denotes the semigroup associated to the process

{&,t >0} (see Appendix A Section A.0.1.),

Vtgb(u,x) = /Otj}_sgb(u,:v)ds
= /St_sqb(x)ds.
0

Consequently, using that A is invariant for the a-stable semigroup,

E(6, ) = (Vig,FxA)

= < /0 t S,y pds, A>

- [ (6, A)ds
— o.M



56 CHAPTER 4. OCCUPATION TIME: STRONG LAWS OF LARGE NUMBERS

The next Lemma provides a bound for the variance of the occupation time. Recall

that ®(s) =1/2+ s%/2 for -1 < s < 1.

Lemma 4.1.8 Let ¢ : R? — R, be a measurable function with compact support. Then,

for each t > 0,
Var(g, J;) < ®"(1)(\, F)Const(¢)(t + t3=%*)
+2Const(¢)(t + t2~4). (4.10)

Proof: Define ¢ as before. Taking derivative of V;(k¢) with respect to k, and using
equation (4.8)), we obtain

£;%W@Ww>= Ai%w@Wa»+MumU—W@@mx»
k(a2 5 VilkD) (o)
—A(u) |—9'(1 - m(kﬁ(o,x))a@kw(m)(o ) + %Vt(k&)(w)
and
gﬁ%%avxk¢>@uw> - ;i; Vi(ko) (u, ) — 26(u, >§2vxk¢>@éx>
(s )2 Vi(h) (. 2)

0k?
—MW%VU—W%@me(iW®@wwO

02 02

— (1 = Vi(ko)(0,2)) 55 Vi (k)(0,2) + 55

—V;(k¢)(0, x)} .

Letting V,¢ = Vi (k)|k—o+ We see that

8K2

%Vtcb( z) = LVig(u, ) — Mu)@"(1) (‘71:95(0, ﬂf))2 = 20(u, 2)Vip(u,2).  (4.11)

From Lemma |4.1.7 and (4.11)) we obtain

—A(u)®"(1) (/0 Trq_ﬁ(u,m)dr)z — 2¢(u, x) /OT o(u, m)dr] ds.

w&wwzl?z
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Note that Var(e, J;) = — <th_5(>:<, o), F x A>. Therefore,

Var(g Sy — < [ 2 e /Osmx*,-)drf
+20(0) [ T, }dstA>
_ < D (1 ( r) F><A>ds
2 /0 <¢<*,.) /0 (s, )drFxA>d

=: (A)+(B).

Notice that, under the choice of ¢, Tyd(u, z) = S;¢(x) for all t > 0, and that (\, F) <
oo. In fact, using that A(u) ~ u~' and f(u) ~ w71, we get that for A > 0 sufficiently

large,
OF) = [ s
A (9
_ /O ) F(u)du + /A A
A 00 IR
~ /0 A(u)f(u)du%—/A u w7 N du
< 0.
Now,

(A) = /Ot <>\(*)c1>”(1) (/0 Srcb(O)dr)Q,F X A> ds

R /Ot<( /OSSTM)Q,A%S.

Moreover, it can be shown that

t s 2
/ < (/ SngSdr) ,A> ds < Const () (t + t37%),
0 0

and consequently,

(A) < ®"(1)(\, F)Const(¢py)(t 4 t3Y).
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Similarly, for the second term we have that

(B) = 2/; <¢(*,.) /OSTT¢(*,o)dr,FxA> ds
— 2/0t</058r¢dr,A>ds

where
t s
/ </ S, dr, A> ds < Const(¢)(t + t*~4*),
o \Jo
hence,
(B) < 2Const(¢)(t + t2_d/°‘),
Finally, combining the bounds for (A) and (B) we get the result. O

Proof of Theorem [4.1.4] Applying Chebyshev’s inequality we have that for each

ESE

t>0ande>0

t
Let a € (1,00) and k,, = a™, for n € N. Then, by Lemma

ip{ (@, J) — - (¢, A)] >€}

S 6_2 ZV&I’((ﬁ, Jkn7 >
n=1

(9, 4)] > 6} < %Var(gzﬁ, Ji).

1

2

IN

{@"( )\, FyConst (¢ Z (K + E374) /K2
n=1

€

NE

+ 2Const(¢) ¥ (k, + kid/a)/ki}

n=1

12 {CI)”(l)( *)Const(¢

€
(a*" + a(*d/o‘)n) }

IN

n Cl (1- d/a)n)

NE
m

+ 2Const(¢)

Il
—

n
< Q.
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Hence, by Borel-Cantelli’s Lemma

1 a.s.

k_<¢7 Jkn> - <¢) A>7
as n — 00.

The proof can be completed in a similar way as was done for Theorem [4.1.1] ]

Remark 4.1.9 When the particle lifetimes have an exponential distribution with mean

AL, Theorem reduces to Theorem 4 of Méléard and Roelly (1992).

4.2 Life times with general distribution but finite

mean

In this Section we assume that the particle lifetimes have a general distribution function
with finite mean. Namely, we suppose that F' is any non-arithmetic distribution function
supported on the non-negative real line with finite mean p > 0.

In case that the lifetimes have an arbitrary distribution with finite mean, the branch-
ing particle system is persistent in dimensions d > «, and becomes extinct when d < «
(see Vatutin and Wakolbinger (1999)). Note that this is exactly the same persistence
condition as for the case when the life times are exponentially distributed. The purpose
is to show that the strong law of large numbers for the occupation time also holds in

dimensions d > 2«. In fact, we shall show the following theorem.

Theorem 4.2.1 Assume that d > 2a, and that F is non-arithmetic with finite mean

p>0. Then, for all p € S(R?),

T Yo, Jr(1)) 2 (o, A)  as T — oo. (4.12)
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Proof: As in the proof of Lemma 4.1.2] we have that

P17, drV) = (o] > ) < 5 [ o [ Cov(fp, Xur), G Xarh . (413
Then,
P (T (g, J2(1)) — (. M) > €) < (1) + (D), (414)

2 1 v
I):= (—:_2/ dv/ du(pSr(v —u)p, A),
0 0

Tu
(IT) 62/ / / ((Sru—r®)(Srv—rp), A)dU (r)du dv.

We recall the bound . for (7). It remains to upper-bound (I1).
Performing the change of variables h = r/T in (II) and using Theorem [1.7.3| we

where

and

have that, for T" large enough,

(1) — / / / (Sriem@)(Srone)s NdU(Th)du do

_ 2 / / / <<3T(u_h)<p)(3T(v_r)¢),A>d[U(Tj;h)m} du dv
_ /// (Sttaty @) (Sto—ry0)s Aydh du du
_ /// (Sruny@) (Sro_n @), Aydu dh do,

where we changed the order of integration to obtain the last equality. It can be seen

that, after performing several changes of variables, (I1) can be written as

= 22 [ [ sowsawisada
< o [ L[ [ sowsawasiaa
= o [ Lewe) [ [ bty aasaeasayan

On the other hand, we can show that

/ / pt+s(y - z)ds dt <c (’y — Z’M—d + UQ—da) ’
0 0
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for some constant ¢ > 0. Hence, for fixed A > 0

(11)

Finally, the proof can be completed in the same way as that of Theorem |4.1.1]

<

IN

IA

9 A
s z)ds dt dy dy d
62MT2/0 /Rd/RdQO //pt+ S Yy dy av
2 T
s(y — 2)dsdtdydyd
+—euT2/ /Rd/RdsO(y)w(z)/o/OpH(y 2)ds dt dy dy dv
s(y — 2)dsdtdydyd
62/LT2/ /Rd RdSOy (Z)/O/OPH(Q z)ds dt dy dy dv

b [ ] ety - sty d(r - )

2 <T3—d/a _ A3—d/a)
dyd
b [ [ e

2 A v v -
- e(y)p(2) Pess(y — 2)ds dt dy dy dvT >
el Jo Jrd JRrd o Jo

1

(Tl—d/a _ A3—d/aT—2)
- 2)dy d .
e C/Rd /Rd )y dz 3—dja
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Chapter 5

Occupation time fluctuations: work

in progress

In this Chapter we present some preliminary covariance calculations regarding the occu-
pation time fluctuation process of our age-dependent branching system. For the case of
exponentially distributed lifetimes see Bojdecki et. al. (2004), Bojdecki et. al. (2006a)
and Bojdecki et. al. (2006D).

Throughout this Chapter we assume that ay < d < 2a. Notice that, in the case of
finite mean lifetimes (which can be regarded as v = 1), our assumption on the dimension
is the same as in the case of exponentially distributed lifetimes, see Bojdecki et. al.
(2006b). When the lifetimes have finite mean, the limit process exhibits long-range
dependence. A similar behavior seems to prevail in the case of heavy-tailed lifetimes,

although with a different long-range dependence process.

5.1 Convergence of covariances

Recall that the occupation time process {J;,t > 0} is defined by

t
(6, 1) = / (6, X,)ds, >0, ¢ € S(RY).
0
63
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For each T' > 0, we introduce the re-scaled occupation time process Jr(t) := Jr;, which

is given by
Tt t
(. n() = [ o Xds =1 [ (. Xrds, 120
0 0

T being a parameter which will tend to infinity.
Notice that, due to criticality and the invariance of A for the a—stable semigroup,

we obtain that
We define occupation time fluctuation process {Jr(t),¢ > 0} by

(0 Tolt)) = HiT«so,JT(t»—Ttw,A»

T

= o [~ (A s, 120

where Hr is certain normalization that we shall choose in such a way that we obtain a

non-degenerated limit as 7' — co. From the last identity we can see that, for 0 < s <,

Cov ({¢, Tr(s)), Wt, Jr(1)))
= T—/O du/o dvCov ({p, X7u), (¥, X1v))

S t
— _/ du/ dvC(uT, p;vT, 1)

_ (//CuTgo,sz/z)dvdu

+2 /0 /0 C(uT,go;vT,q/z)dudv). (5.1)

From Proposition [2.1.5 we have that

0(8790;t7¢) 90815 sw / /]Rri s— TQO St rl/))( )d.TdU( )7 (52)

where U(r) => 77, F*R(r).
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Now, we express equation (5.2) in terms of Fourier transforms. For any ¢ € S(R9),
the Fourier transform ¢ of ¢ is defined by

by = [ oty

where « - y is the inner product in R
Using Plancherel’s formula
1 R -
(ph, A) = 27 Jo ¢(y)¥(y)dy,

and the fact that

—

Sup(a) = e g(x), (5-3)

(see Sato (1999)) we get that

Cov (. X.) (4, X)) = / () S (y)dy

/ /Rd 517 T‘P ( o r@/)) (y)dydU(r),

oy L, £050) [y [Tt ay
(5.4)

(27 )d

from where we deduce that

Cov ({0, Xs) (¥, Xy)) =

Therefore, substituting (5.4]) into ((5.1)) we see that

Cov ({¢, jT Y, Ir(t)))

— 5 0 =T(v—u)|y|* ‘ =T (vtu=20)Y* 717 (T du dv d
e (/// G | [ ()| g o
+2 / / / { T=ull® 4 / e‘T(”Jr“_?T)'y'adU(Tr)} dydudv).(5.5)
R4 0

Our aim now in to determine the normalizing function Hy. To do this, we investigate

€>

the asymptotic behavior of (5.5) as 7" — oo. Define

T2 s t B R _ u o .
=7z / / (2m)~¢ / e(y)Y(y) / e~ Ttv=201 U (Tr) dy do du,
TJO Js R4 0
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(I17) = HQ// (2m)~ / (y)(y )/ e~ Twtv=2nI* qU(T'r) dy du du,
0
and

e ([ o f[avez oo [ ) i [ it
I11l7) = — du | dv+2 dv du | —— oY) (y)e” (v—u)ly| dy.
(U1lr) H% 0 s 0 0 (2m)¢ Jpa W))

Recall that, from Theorem [1.7.5

U(t) ~ F(lt—ji—y) as t — oo. (5.6)

Hence, using (5.6)), we get that for T' large enough,

7T2+7 —T (u+v—2r)|y|*,.y—1
(Iy) o dH y 7 dr dv du dy
o —Tvly|*
_ ;/Td[; / / / o Tu=2r)ly|* .y—1 {_e e ] dr du dy
) R

Tyl
2+
= Td v / / / | | Fr-1 [ —T(s+u—2r) (t+u—2r)} dr du dy
27T H Rd ya

Performing the change of variables z = (T'(s +u — 2r))Y%y and z = (T(t +u — 2r))"/*y

we get that

) = e [ V(s 4 10— 2r) ) STV (s T u— 2r) Vo)
(27)4HZ Jpa T=Ys+u—2r)" Yzl
><e_| ANrmtr=de (s 4oy — 2r) Y dr du dy
YT+ / // QT (t 4 1 — 2r) Vo)) (T-V(t + u — 2r)~1/ez)
2m)IH2 Jga Tt +u—2r)" 1z
xe lFN T irTdle (¢ oy — 2r) o dr du dy.

Hence, putting Hy = T?*7=4/®) /2 and using that ¢(0) = (@, A), we obtain that
(I7) — (1), as T — o0,

where
—|z]®

(1) = y(@n) o A, A) / ‘i

Re |2|*

X / / r T (s u—2r)" Y — (¢ 4w —2r) Y] dr du.
0
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Furthermore, changing the order of integration in the last two integrals and using that

d < 2a, we obtain

AN (W, A e " ® a1 2-d/a 2-d/a
(1) = (’;f:)od(;iwd/;)/w e dz{/o rH[(2s — 2r) ¥ (s —r) /}dr

- [ s -z ) 1)

Using similar arguments we can show that, with Hy = T(?t7=d4/®) /2,
(IIr) — (1),
(I117) — 0,

as T' — oo, where

elel® s
(II) := (gi’)@;é)(_wc’lj\;) /]Rd FE dz (1 - 21_d/a)/0 7Y (s — )2 ey, (5.8)

Therefore, for all 0 < s <t and ¢, € S(R?),

Jim Cov ({0, Ir(5)), (¥, Tr(t)))

Y{p, M) (1, A) e P p Srv—l s — p)2-d/og,
2m)i(2 — dja) /. O {/ (s =)

_/ Pt 4 s — 2r) 2y + / r Tt - T)Qd/adr} : (5.9)
0 0

Putting
SNt
Quy(s,1) = / P [(s At =) (sVE—2) — (¢ + s — 2r)"] dr, (5.10)
0
we see that (5.9) can be written as follows. For all s,£ > 0 and ¢, € S(R?),

e—lz1®
T@w Cov ({¢, Ir(s)), (¢, Tr(t))) = (gf:)pc’léﬂ_wc};\oz) /Rd | 2|

dZQ’yfl,Qfd/Oz('& t)
(5.11)

Remark 5.1.1 a) Notice that, although the limit does not imply weak convergence

of processes, it does imply existence of a Gaussian process with covariance function given
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by (5.10) witha=~—1 and b=2—d/a.

b) If we assume a general non-arithmetic finite-mean lifetime distribution, i.e. v = 1,

then, for 0 < s <t, reduces to

Qo2-d/a(5,t) = /n@—rfwh+u—2ﬁwa—@+s—%f%ﬂdr
0

_ 1 3—d/a 3—d/a 1 3—d/a (4 \3—d/a
— 3—dﬁxG + s 2[@+s) (t =)~ )(5.12)

Note that is the covariance function of Theorem 2.2 in Bojdecki et. al. (2006b),
which was obtained under the assumptions of exponentially distributed lifetimes and o <
d < 2a. A Gaussian process with covariance function given by 15 called sub-
fractional Brownian motion.

c¢) Due to part b) in this remark, we congecture that Theorem 2.2 in Bojdecki et. al.
(2006b) can be extended to a general (non necessarily exponential) lifetime distribution
with finite mean.

d) In case of heavy-tailed lifetime we conjecture that a result similar to Theorem 2.2 in
Bojdecki et. al. (2006b) should hold, with a different long-range dependence self-similar

Process.

Other problems that remain to be investigated on their own right.

1) Under what conditions on the parameters, a y b, is a covariances function?

2) Investigate long-range dependence of the process with covariance function (|5.10)),
which could be called weighted sub-fractional Brownian motion (w-subfbm), see Bojdecki

et. al. (2007a).



Appendix A

Markovianizing the branching

system

A.0.1 The basic process

In this section we consider the R, x R%valued Markov process é defined by é =
{(n(t),&(t)),t > 0}, where & = {&(t), t > 0} is the spherically symmetric a-stable
motion, and the process n = {n;,t > 0}, defined below, represents the age at time ¢ > 0

in a renewal process with arrival distribution function F.

The process & models the evolution of a population starting at time ¢ = 0 with an
individual of age 1y € [0,00) at position & € R?. During its remaining (or “residual”)
lifetime, this individual develops a random motion é in R, xR% whose position component
follows an a-stable motion. At death, the individual is replaced by a particle of age zero
at the place where the parent individual died, and the new particle evolves in the same
way as its progenitor, and so on.

Let {r;,i = 1,2,...} be a sequence of i.i.d. random variables with a common distri-

bution function F' which has continuous density f, and such that F'(0) =0 and F'(¢) < 1

for all t € R,. Let u > 0 be a given number, and let 7} be an independent random
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variable with distribution function F, defined by
Fu+t)— F(u)
1— F(u)

The age-process (starting at ) is defined as follows:

Fu(t)=P{r} <t} =

n = u+t for 0<t<7y,

nw = t—1y for 71 <t<Ty+m,

n = t—(rg+n+--+1) for +n+t-AT <t<THTF o+ Tog,
n=12,....
The process {n,t > 0} is Markovian, and is known as the age process, see Joffe (1992).

Notice that {n:;,t > 0} can be seen as a piecewise deterministic Markov process (see e.g.

Rolski et. al. (1999), Chapter 11) whose first jump time dy has distribution

PGy >t} = e LT >0

where
f(w)
ANu) = ———2— > Al
(1) = T 020 (A1)
and P, means that 79 = u, and the successive jumps {d1, 1, -} have distribution

function given by
POy >ty =e JoXds  p >0 k=12 ...

Let S = {§t7 t > 0} be the semigroup of linear operators corresponding to 5 Our

aim here is to find the infinitesimal generator £ of S.

Proposition A.0.1 Let ¢ : R, x R? — R be a bounded function such that (-, x) €
CHRY) for any x € R, and ¢(u,-) € Dom(A,) = C®(R?) for any u € R,. Then,

Lo ) = 2000 A, n) - AR 02 (A2)

Hence, {ft,t > 0} is a homogeneous Markov process whose infinitesimal generator L),

Y € Dom(L), is given by the right hand side of .
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Proof: For every t > 0 we need to find the limit

L(E(u,2) = lm ' [0(E) - 0(E)1G = (u,2)] .
For any h > 0 we have that
PE [6(En) — vlu. 2)l€ = (u,)]
= B [$(Gn)lé = (w2)] — A, 2)

h
_ h—l {6_-]$+h>\(s)d581?¢(u+h,.)(l’) ‘I’/ /\(U+T)e_~];+r)\(s)d8
0
< [ B Bl ) | € = 0]~ 7 0(00)
1 u+h
= S WO St by () — S, ) (@)
e OB S, () — (o, )]+ 3 (B 1) ()

1 h u+r ~ ~
+E/ Alu + 7")6_‘[“ A(S)ds‘g'ﬁq@W(ftJrh) | &4r = (0, )] (2)dr.
0

SRS

Therefore, letting h | 0 and using the strong continuity of S in the first term on the
last equality, we get (A.2)).

A.0.2 Markovianizing an age-dependent branching particle sys-

tem

Let X = {X;, t > 0} be the branching system defined in the introduction. For any ¢ > 0,
let X, denote the population in R x R? obtained by attaching to each individual §, € X;

its age. Namely, for each ¢t > 0
Xi=2 Oy

where 7! and £ denotes the age and position, respectively, of the i'" particle at time ¢
and the summation is over all particles alive at time ¢. Notice that all newborns get age
0. In this Section we assume that the branching law is critical, i.e, a random variable ¢

with py, := P(( = k), k=0,1,2,---, such that >~ kpy = 1. Let ® be the probability
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generating function of (, i.e., ®(s) := E s¢, |s| < 1.Thoroughout this section we suppose

that the initial state X is a general locally finite counting measure on R x R,

Let X = {X;, t > 0}. In this section we calculate the infinitesimal generator G of X
on certain cylindrical functions G, € Dom(G). Namely, let ¢ : Ry x R* — (0, 1] be a
function having compact support, and such that ¢» € Dom(L). Let v be a locally finite

counting measure on R x R?. Define
Gy(v) := exp ((log ¥, v)) (A.3)
sometimes we write as
Gy(v) = exp ((log(x,-), 1)) , (A.4)

to emphasize that * is a variable in R, and - is a variable in R?. The infinitesimal

generator of {X;;t > 0}, evaluated at the function Gy(v), is defined by
GGy(v) = lgr(l) tT'E [Gy(Xy) — Gy(v) | Xo =v].
Following Ikeda et. al. (1969) we can see that G can be expressed as
GGy (v) = BGy(v) + DGy (v),
where B and D are the infinitesimal generators corresponding to the branching and
diffusion parts, respectively. We first evaluate the branching part. Assume that the

system starts with a finite population X, = > i1 O(up,zp)- Let 7, be the time to the first

branching, i.e.

Ty = min{Tl — U1, ", Tn — un}a



where 7; is the total life time of the i-th particle, ¢ = 1,...,n. Then

BG, (X)) = %h—lE G, (X)) — Gy(X0)| X0 = Zéukxk]

= limh 'Y P{0<7n—u <h,

h|0
/\ (15 —uj) > T —wilm > ug, e, Ty > Un}
=1,
X Zpk [Gy(Xo = Sus) + kS(0,0)) — Go(Xo)]
k=0

where to obtain the second equality we used that

{T*Sh\7'1>u1,---,7'n>un} = U{O<Tl—u1§h,
i=1
’ n
/\ (15 —wj) > T —ug|T > Uy, -+, Ty > Up
J=1lj#1
Therefore,
P{r. < hl|m > uq, - , 7 > un}
= P{0<T,~ i < h, /\ T; — Uj) >Ti—ui|ﬁ>u1,---,Tn>un}
J=1,j#i
n P{O<Ti—uigh,/\?zl’#i(ﬁ-—uj)>Ti—ui,71>u1,---,Tn>un}
N =1 P{7—1>u17"' >Tn>un}

it+h
S fo T I PTG — 4 > 7 — w1y > g} fr (r)dr
H:L 1 P{TZ > Uz}
Z;l:l uﬂ{i+h H?:l,#l - fo(rﬂ —ug)Auj A( S)ds)\( )e—for )\(s)dsdr

[L= P{mi > wi} ’

and so,

. —1 o
lim A= P{r < Blm > w7 > un} = Z/\(ui).
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Consequently,

BG, (Xo) = Z Au;) Z Pr [Gy(Xo = Ous ) + k6(0,0)) — Go(Xo)]
=1 k=0

= (A Zpk [Gy(1t = O(se) + kb(0.0)) — Gy(1)] , Xo).

Hence, for all v € N,

BGo(v) = (M) S o [Culv — By + K0.)) — Gu(v)] )

() OOO p ]2 1] )

e w(*v )
- Gw(y)<A(*)(I)(Mo;ﬁ.zi,_-)w*’ ), (A5)

Let us see what the diffusion part is. Again, we suppose that Xo = Y7, O (g p )
Then,

E[Gy(Xp) | Xo, 7w > h)P(Te > h | 710> up, -0 T > uy)

n7u+hrr - 7u.+hr‘r
= N e S + by T e MO (uy + by ).
k=1

j=1j#k
Using independence we obtain that

n

— = S — [t N dr
E[Gy(X4) — Gu(Xo) | Xo] = [T e ™ S (us + by ),

k=1



75

hence
DG¢<X0) = 1}1]&)1h 1E[G¢(Xh) G,w(Xo) | Xo]
[ 'n u iy, n
= 1,5{)1 ht H e “ih(ug + b, xy) — H«Shw(uk, xk)]
k=1 k=1
= lmh H RO g g+ By ) He Ja T N g+ B )
-1 -1

ur.+h n u “+h
T H e b M Y(ug, + h, xy) H e b A(T)drw(uk, Ty)
k=1

n n
— [“Th A\ (r)d
+H6 Juig A0 ¥ (u, Ty) H%U Ukwk]
k=1 k=1
n

= [Aa¢(uk7$k) + (%Mltk,xk) — M) (u, Tk) } H U(uy, ;).

k=1 J=1,j#k

We will prove the last equality only for n = 2; for general n the calculations are similar

but more involved. Take n = 2 and define

2 2
(I) :=limh™* [H el /\(T)dTSh?/J(uig + h,xp) — H ot ’\(T)drw(uk + h, xk)] ;

h|0
: k=1 k=1

2 2
(I1) := lim A~ [H eSO by g) — [ e T MO, xk)] ,

h|0
. k=1 k=1

and

2 _ fugth »)dr 2
(I11) =1limh~! [He Jug At w<uk,mk>—Hw<uk,xk>].
k=1

hl0
! k=1

Applying the chain rule to the third term we get that
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For the second term,

2
u “+h u h
(II) = lim [He Jat T g 4 By a) = T[T O w(uk,xk)]
k=1

R10

_ [uith r — [u2Fh A (r)dr
B ligghi {e Gl [(ur + b, 21) — Y(ur, 21)le Juz ™ 20 Y (uz, T2)

_“2+hr7“ _u1+hr,’,
e WOy ) — o) O (a2 )

9 g, ).

Q@U(Ula%) +¢(U1>$1)8u

ou

Finally, we evaluate the first term

= ¢(u27 5(32)

2 2
(1) = 1}%1 h! [H e uk TN S (g + hy ) H el MO G (g, + l"k:)]
=1 k=1

— [11+h \(r)dr — 22+ \(r)dr
=l A~ {e TS 4 by w) = e, )en TS 0 (g, )

e IO ST (s 4+ o) = Wz, o) AT S ) }
= Y(uz, 22)Aatp(ur, 1) + P (ur, 1) Antp(uz, T2).

Putting together the expression for (I), (II) and (I11) yields (A.6]) for n = 2.
Note that (A.6]) can be written as

s, )+ Lap(x, ) — Ax)(*
DGy (v) = Gy(v) <Aa¢( )+ $<(* ’)) AU, ),V>, (A.7)
hence, adding (A.5) and (A.7)) we get that
GGy (v) = Gy(v) <£¢(*, s M*)ﬁﬁ)@’ D =9 (0)] y> | (A3)

Using the Martingale problem for {X,,¢ > 0} we can summarize the previous calcu-

lations in the following proposition, see Ethier and Kurtz (1986) Chapter 4.

Proposition A.0.2 Let {X;,t > 0} be the branching particle system defined at the
beginning of this Section. Then for each 1 € Dom(L) such that 0 < ||¢|| <1 and ¢» > 0,

the process

oy _ [ oy [ L0k ) FARIRW0,)) — (0] £\
M; : /0 < V(e ) ,Xs>d, (A.9)

1s a martingale.
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Remark A.0.3 If1—F(t) = e for some constant \ > 0, then from we get that
A(t) = A\. Hence, taking (u,z) = 1(x), the martingale in Proposition can

be written as

t
M, = llosXe) _ / elog ¥, Xs) <Aaw() +AP(()) — w()],XS> ds, (A.10)
0 ()
which coincides with the previous known results, see for example Méléard and Roelly

(1992).
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